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Abstract 

In a series of papers 1 651 1531 1521 1531 1541 TSIRELSON constructed from measure 
types of random sets or (generalised) random processes a new range of examples for 
continuous tensor product systems of Hilbert spaces introduced by ARVESON [4] for 
classifying £o-semigroups upto cocycle conjugacy. This paper starts from establish- 
ing the converse. So we connect each continuous tensor product systems of Hilbert 
spaces with measure types of distributions of random (closed) sets in [0, 1] or M.+. 
These measure types are stationary and factorise over disjoint intervals. In a spe- 
cial case of this construction, the corresponding measure type is an invariant of the 
product system. This shows, completing in a more systematic way the TSIRELSON 
examples, that the classification scheme for product systems into types I„, II„ and 
III is not complete. Moreover, based on a detailed study of this kind of measure 
types, we construct for each stationary factorizing measure type a continuous tensor 
product systems of Hilbert spaces such that this measure type arises as the before 
mentioned invariant. 

These results are a further step in the classification of all (separable) continuous 
tensor product systems of Hilbert spaces of type II in completion to the classification 
of type I done by [ 4 ] and combine well with other invariants like the lattice of prod- 
uct subsystems of a given product system. Although these invariants relate to type II 
product systems mainly, they are of general importance. Namely, the measure types 
of the above described kind are connected with representations of the corresponding 
L°°-spaces. This leads to direct integral representations of the elements of a given 
product system which combine well under tensor products. Using this structure in 
a constructive way, we can relate to any (type III) product system a product system 
of type Ho preserving isomorphy classes. Thus, the classification of type III product 
systems reduces to that of type II (and even type Ho) ones. 

In this circle of ideas it proves useful that we reduce the problem of finding 
a compatible measurable structure for product systems to prove continuity of one 
periodic unitary group on a single Hilbert space. As a consequence, all admissible 
measurable structures (if there are any) on an algebraic continuous tensor product 
systems of Hilbert spaces yield isomorphic product systems. Thus the measurable 
structure of a continuous tensor product systems of Hilbert spaces is essentially 
determined by its algebraic one. 
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1 Introduction 



In his seminal work [4| Arveson studied ^-semigroups (oc r );>o, which are weakly con- 
tinuous semigroups of *-endomorphisms of some % where H is a separable Hilbert 
space. One basic result of 01 was the following: Up to so-called outer (or cocycle) 
conjugacy, (ot ? ) f >o is determined by the family (£f)f>o of Hilbert spaces 

Ei = {i(GfS (o-C) : a t (b)u = ub\/b E "B } (1.1) 

with the inner product (w,v} E 1 = u*v. Moreover, T, = (£ / ) ? >o fulfils <E S ® T. t = T, s+t 
under \|/s i— > it is a continuous tensor product system of Hilbert spaces, briefly 
product system. Conversely, to every product system there corresponds an £0- semigroup 
in this way, see Q or Theorem [8] below. B classified product systems of type I (i.e. 
product systems, which are generated by their units, see Definition 13.21 below) to be 
isomorphic to one of the exponential product systems r( ) , %_ a separable Hilbert space, 
where ) t is the symmetric Fock space T(L 2 ([0, t) , £, ac)) with its usual tensor product 
structure. 

Symmetric Fock spaces have natural relations to random processes with independent 
increments like Brownian motion and Poisson process, see e.g. 11571 141 I4~U1 15*31 . More 
explicitely, let M t = { Z C [0, t] x { 1 , . . . , N } : #Z < °° } be the space of finite point con- 
figurations on [0,f] x { 1, . . . , N} equipped with the exponential measure F t fR%. 

# = 80+ £i / (£®#) n (dx 1 ,...,dx n )8 {jCl) ... );Cn} . (1.2) 

F t is (for finite AO just a scaled version of the Poisson process on [0,?] x { 1, . . . , N} with 
intensity measure Then for A^e {1,2, ...}u{°°}, L 2 (M t ,F t ) is isomorphic to 

r(L 2 ([0,?],£,/ 2 ({ 1,...,A^}))) ll28l l37ll . For more general product systems respectively 
^o-semigroups there existed until 1999 only examples of product systems of type II (with 
at least one unit) l!5Ull and type III (without unit) [46f 153. For the definition of types we 
refer to Definition 13 . 31 below. 

TsiRELSON 116311 considered random (closed) sets Z C [0,°°) coming from diffusion 
processes on (subsets) of M. d . Setting Z t = ZD [0,t], for all examples the law jSf (Z) of Z 
fulfilled 

Jf(Z s+t ) ~ ££(7! s \3 (Z' t ' + s)), (s,t> 0) (1.3) 

where Z\Z" are independent copies of Z and Z + 1 is the set Z shifted by t. I.e., the law 
of the random set Z(l[0,s + f] is equivalent (has the same null sets) to the product of the 
laws of Z PI [0, t] and the law of Z D [0, s] shifted by t. The key point of the construction is 
the change of independence properties like J?(Z s+t ) = 3?{Z' t U (Z" + t)) to equivalence 
relations like |(1.3)1 see Proposition 14.61 below. Such equivalence conditions that one 
measure has a positive Radon-Nikodym derivative with respect to a product measure, 
are e.g. used in the theory of Markov Random Fields, cf. e.g. ll32ll . They express that 
there a no trivial dependencies between the realisations of the field in different parts, 
here between Z n [0, t] and Zn [t, s + 1] . 

This equivalence relation implies that 9{ t = l? (Jf(Z t )) forms a product system. These 
examples open a new field in the classification of product systems. Formerly, [48] pro- 
posed a classification of product systems similar to Connes' classification of (hyper- 
finite) W* -factors ll2~2l into types I„, II„, and III. There n is the numerical index, an 
invariant introduced by Arveson 14]. It is defined as the number n E N such that the 



product subsystem generated by the units is isomorphic to r(C n ), where a unit (u t ) t >o 
is any (measurable) nonzero section through ( t E t )t>o which factorises: u s+t = u s ®u t . 
If that classification had been complete then any product system of type II„ would have 
been isomorphic to the tensor product of one product system of type Ho and one of type 
r(C n ). By the results of TsiRELSON there are even uncountably many nonequivalent 
examples of type II product systems generated by random sets (and random processes), 
even with a fixed dimension of the Fock space generated by the units. Thus, the classi- 
fication of [48 1 is too coarse to cover all invariants of (type II) product systems and one 
should find more invariants of product systems. 

One important result of the present work is the fact that random sets did not appear 
by chance in dealing with examples for type II product systems. Theorem [T]below shows 
that they are intrinsic to them. The idea is the following. A closed set Z C [0, 1] is 
characterised by the values X Sjt = %{z':z'n[s,/]=0} (^0 for < s < f < 1 . For random closed 
sets, X S f are random variables fulfilling the relation 

Under what circumstances and by which means we can recover from such a family of 
random variables the set Z will be discussed in section^ TsiRELSONS observation was 
that for every unit u, the orthogonal projections P" f onto l Ej <g> Cu t - S <8> C £i fulfil 
the similar relation 

Tyll Tyll Tyll 

r,s s,t r,f 

The result of Theorem [T] is that we can fix in a sense a distribution of these (quantum 
stochastic) random variables and even a distribution of a random closed set. Namely, for 
all normal states T] on there is a unique distribution /u^ of a random closed set 

Z C [0, 1] with 

J X{Z:Zn[s htl ]=<D} ■ ••X{Z:znM,]=0}d//r 1 = T\(P" 1)ti • ••P? kA ), ((shtt) C [0, 1]). 

Further, among these measures there is at least one dominating all others with respect 
to absolute continuity. Thus we fixed the maximal so-called measure type of 

This technique works with other projections too, let ¥ a f t project onto l £j ® T, f£ s <g> 
1ei_» C £i, where £^is generated by all units of £ . Again, they fulfil the same relations 
and we can identify the related (maximal) measure type of random sets as an invariant of 
the product system (see TheoremEl). Such techniques of associating with a quantum state 
(here T|) its restriction to an abelian von Neumann algebra proved already useful in the 
context of locally normal states of a Boson field in vacuum representation, which can be 
related to point processes, see e.g. J25j. Here, its proves valuable to extend the structural 
investigations in product systems from the analysis of the product subsystem generated 
by the units (which was done by Arveson) to the study in which way this subsystem 
is embedded into the whole product system, e.g. the structure encoded in the algebraic 
properties of the projections Pf t , e.g. 

These results forces us to go deeper into structure theory of measure types on the 
compact subsets of compact intervals, which are both stationary and factorizing. Ex- 
tending TsiRELSONS examples, we are able to show that all such measure types are 
connected with a product system in Proposition ^. II An interesting new structural aspect 
is connected with a construction of a new random closed set by filling holes left by the 



original random set (cf. Corollary 14.171) . This serves us to show that all stationary fac- 
torizing measure types of random closed sets in [0, 1] appear as that invariant of some 
product system derived in Theorem^] Further, this hole-filling procedure can be iterated 
ad infinitum giving more and more complex measure types and a tree-like structure of 
the set of all stationary factorizing measure types. This tree structure is supported by the 
fact that such measure types are a lattice with respect to absolute continuity (see Propo- 
sition |5TTT]). Thus, stationary factorizing measure types of random closed sets in [0, 1] 
build a rich, fascinating structure in their own right. Although they fulfil seemingly weak 
equivalence conditions, a lot of results can be obtained by importing ideas from product 
systems, e.g. lattice structures in Proposition 15 . 1 1 1 and non-determinism in the proof of 
Proposition 14. II On the other side, the hole-filling procedure still lacks a counterpart for 
product systems. 

This could all together give the impression that we can hope for a complete structure 
theory at least of type II product systems. Unfortunately, things turn out to be not so 
fine. Connected with representations of abelian W* -algebras (which are provided here by 
Theorem [T] too) are direct integrals of Hilbert spaces. Using this tool (or its variant, the 
Hahn-Hellinger Theorem) we succeed in Proposition 16 .71 to relate any (type III) product 
system to a type II one in such a manner that isomorphy classes are preserved. Conse- 
quently, the structure theory of type II product systems is at least as complex as that of 
type III product systems. In more positive words, this parallels the relation between type 
III and type II W* -factors [ 60 1 and shows that for completing the classification of prod- 
uct systems one can concentrate on the type II case now. Further, the outstanding role 
of tensor products in the theory of product systems is reduced since there exist product 
systems of type Hi not isomorphic to any nontrivial tensor product, see Proposition ^. 151 
The gap should be filled by direct integral decompositions established in section 1631 

TsiRELSON and coauthors established interesting new examples of product systems 
coming from random sets and random processes. These examples fit well into the general 
structure of factorizing Standard Borel spaces and stationary factorizing measure types, 
see Theorem |5| There we obtain a quite general existence result of corresponding prod- 
uct systems covering all examples of TsiRELSON ll6*6l 16311631 16*71 . These results make 
us feel that there are only few examples from classical probability theory which are read- 
ily applicable in this context, as e.g. (generalised) Gaussian processes in ll66l 1651 . The 
reason for this is that, typically, classical probability theory studies situation with a high 
degree of independence. The examples of TsiRELSON tell us that, at least in the context 
of product systems, dependent structures become important and tractable as well. The 
notion of a factorizing measure type inherently has not much in common with indepen- 
dence. It concentrates in identifying 0-1 -laws characterising a certain type of models. To 
quantify the degree of this dependence we develop a further invariant of product systems, 
a kind of algebra- valued Hausdorff measure. The dependence degree of a product system 
could then be measured by a certain Hausdorff dimension, see Note 110.31 There 1 cor- 
responds to the highest degree of independence, like present in Levy processes. The less 
the Hausdorff dimension, the stronger is the dependence structure in the model. In that 
direction, we expect positive impulses from the theory of product systems for classical 
probability theory too. Appearance of dependent structures emphasises that not product 
constructions (like the tensor product of product systems, which is related to indepen- 
dence) but procedures related to conditioning (like the hole-filling procedure and direct 
integrals) are of most importance. 

There is yet another motivation for these studies from classical probability theory. In 
order to classify the information structures of random processes it is natural to consider 



filtrations, i.e. increasing families of a-fields. Necessarily, one should complete all o- 
fields of interest. Equivalently, one could study the corresponding W* -algebras of almost 
surely bounded functions, giving a more unified view on this problem. In the case of 
interest, the V7*-algebras factorise over disjoint time intervals, the deep reason for ten- 
sor product systems of Hilbert spaces to show up. In the present work, we relate a tensor 
product systems of Hilbert spaces closely to some tensor product systems of W*- algebras 
equipped with a factorizing set of normal states on them, see Proposition 17.91 This ap- 
proach is related to another connection between product systems and ito-semigroups. 
Bhat shows in [TR1 that besides [(1 . 1)| £ could equally be described by 

£ f = cc f (Pr v )# 

where \\f E 3-f is an arbitrary unit vector. In the present paper, we propose and use even 
a third variant. There, the main observation is that "E t is also the GNS Hilbert space ifT^l 
Section 2.3.3] of the restriction of a pure normal state on 'B (^C ) to the algebra a t (CB(^{ ))', 
if the state factorises with respect to = cc r (!B (#))' ®a f (# (#)). To use this fact 

in terms of product systems, we would like to have states which factorise in this way for 
all t E R + . Unfortunately, such states do not exist if the product system is of type III, see 
[8| or Propo sition 16.61 below. Therefore, we have to connect the different GNS-Hilbert 
spaces in a natural way. The right structure to achieve this goal is the following. Suppose 
(Hp) P eP is a family of Hilbert spaces equipped with unitaries (t/p, ; y)p,p'ep, U pp i : H p i — > 
H p i fulfilling U p . p = 1 and the cocycle relations 

U p ',p"Up,pi = U p y, (p,p',p" e P). 

Then 

H(P, U) = { (\\f p ) p ep : e H p Vp E P,\|y = U p , p >y p Vp,p' E P } 

is a Hilbert space isomorphic to any H p . This very flexible Hilbert space bundle structure 
reminds very much of manifolds. In fact, in terms of L 2 spaces, such a structure was 
first considered by ACCARDI JT] to define the intrinsic Hilbert space of half-densities 
associated with a manifold. In a more general way, it was used by TsiRELSON to de- 
scribe his example product systems in an elegant way. The relation of product systems 
or £o-semigroups with such bundles of (GNS-)Hilbert spaces proves useful. E.g., we can 
settle the messy question whether an algebraic product system of Hilbert spaces has a 
compatible measurable structure. We derive an equivalent condition in terms of continu- 
ity of a unitary group of local shifts in Theorem |7J By this result we can show that the 
measurable structure of product systems is unique upto isomorphy and can be derived 
from its algebraic structure provided it exists. This result should have a strong impact on 
the axiomatics of product systems since it puts more emphasis on the algebraic than the 
measurable structure. To close this circle of ideas, a continuous tensor product system of 
V7*-algebras, represented as von Neumann subalgebras of some <b(!H), forms a quantum 
stochastic filtration. If each representative is a type I factor, the canonical shift induces 
an £0- semigroup on $ (M). 

We expect very fascinating things coming up from the theory of tensor product sys- 
tems of W*-algebras and Hilbert spaces. It is clear that these structures play a crucial role 
in theory of quantum Markov processes and quantum Markov random fields 04l l2ll3l l35ll . 
Quantum Markov processes and quantum stochastic differential equations are a main tool 
in the dilation theory of quantum dynamical semigroups P31I^UlfT51l . Unfortunately, the 



most studied examples of quantum stochastic calculi are related to symmetric, antisym- 
metric or full Fock spaces, where the corresponding time shift semigroup is of type I 
[ 50 1 . Below, there are indications that there should exist a quantum stochastic calculus 

on type II product systems too. E.g., we can derive a variant of the ^ lemma of Boson 

stochastic calculus [36j for stationary factorizing measure types of random closed sets, 
see Corollary 14.121 In the context of dilation theory, we should mention that the recent 
notion of tensor product systems of Hilbert modules of Bhat and Skeide |[T2l is deeply 
related to this topic too. We expect that certain techniques developed in the present paper 
can prove useful in the context of these more complicated structures too. At least, there 
develops a theory of type I continuous tensor product systems of Hilbert modules ll35l l9l 
paralleling that of Arveson J4|. 

To keep this work readable as much as possible without knowing other works on 
product systems we provide several alternative proofs of results of Arveson, Bhat 
and Powers, especially when we think the proofs are instructive. From the point of 
technique we use essentially the above mentioned GNS -representations and do not touch 
such powerful tools like the spectral C* -algebra [6| and the boundary representation of 
spatial Eq- semigroups B71 . Further, we concentrate on invariants of product systems, 
although most of the results have counterparts in the classification of £o-semigroups upto 
conjugacy. 

At the end of this introduction, we want to explain the general structure of this work. 
After introducing preliminary notions, we show directly, how general product systems 
are intimitately connected with a stationary factorizing measure type of random closed 
sets in [0, 1]. This leads us to the study of such measure types in section |4| Section 13 
and Section |^1 develop a finer structure theory of product systems completing Section |3] 
Especially, Section |5] studies the implications for the lattice of product subsystems and 
derives a corresponding lattice structure on the stationary factorizing measure types of 
random closed sets in [0, 1]. Section^] studies implications of direct integral representa- 
tions, and provides especially another characterisation of type I product systems and the 
reduction of the classification of type III product systems to that of type II ones. Sec- 
tionals devoted to the study of measurability questions in product systems by means of 
GNS representations. This gives us the opportunity to derive in section [5] a criterion for 
existence of product systems built from stationary factorizing measure types on general 
Standard Borel spaces together with some analysis of special cases of interest: random 
closed sets, random measures and random increment processes. Section |9] analyses the 
analogue of Theorem[T]if the fibres of the product system are not separable any more and 
we obtain random bisets rather than random sets. A further, algebraic invariant, derived 
from ideas in [65 1, is presented in section [TO] and computed for product systems with unit 
as function of the previously introduced invariants. Section[TT]contains some conclusions 
and presents ideas for further research. 

2 Basics 

For the natural numbers, positive natural numbers, integers, rational, real, positive real 
and complex numbers respectively we use the symbols N = { 0, 1 , 2, . . . }, N* = N \ { }, 
Z, Q, R, R+ = [0,«>) and C respectively. Let T = {z G C : |z| = 1 } denote the circle. 



Further, £ denotes Lebesgue measure, with base space varying between [0, 1],M+,R and 
T according to our needs. 

A Polish space is a separable topological space which can be metrized in a way such 
that it is complete ifTUlETlloTll . A Standard Borel space is a measurable space which is 
Borel isomorphic to a Polish space equipped with its Borel field. 

All Hilbert spaces are complex. 

For a random variable £, let j£? (£) denote its distribution. If p is a measure on mea- 
surable space (X,X) and Y E X we use the notation fj\Y for the measure p(- DY). A 
measure type on is an equivalence class M of (probability) measures on (X,X). 

Equivalence of two measures p,p' (symbol p ~ p') means p(Y) = iff p'(Y) = for all 
Y EX. This means both p<^ p' and p' <C p, i.e. mutual absolute continuity. We translate 
all operations on probability measures to operations on measure types in a natural way. 
E.g., let q be a stochastic kernel. I.e., q:XxX' i — > [0, 1] such that q(x, •) is a probability 
measure and q(-,Y) is a measurable function for all F G X'. Then for a probability mea- 
sure p the construction poq(-) = J p(dx)q(x, •) yields again a probability measure and we 
can define M o q = {p : p ^ p' o q for one and thus all pi E M } . 

A measure type 5Vf determines the algebra L°°(M) of (equivalence classes of) M - 
essentially bounded functions. Moreover, we construct also a Hilbert space denoted 
L 2 (M ). For this goal define unitaries U^j : L 2 (p) i — > L 2 (p!) for any p,p' E M through 



W) = yd~WY(*)» (veL 2 (//),//-a.a.xGZ). (2.1) 

Then 

L 2 (fAf ) = { (XIV)^^ : ^ e L 2 (//)V// e ,\|V = U^Mf^^p' E U } (2.2) 
is a Hilbert space with the inner product 

being independent of the choice of p E M . 

Note 2.1 For this construction we find an analogue for general W*-algebras, analogous to inde- 
pendence of the space L°°(5W ) = L°°(/li) from the choice of /u G M , in section I7~2l see |(7.2)| and 
Example 17 .21 

Further details about the above construction which originated in Q can be found in 1621 l6fH . 

Definition 2.1 Let (X, X) be a measurable space. A family = {^C x )xex is a measurable 
family of Hilbert spaces, if each x EX, tt x is a Hilbert space and there exists a set of 
sections X 3 x i— > h x E H x such that x \— > (h x , h' x )^- is measurable for all h,h' E H and 
{ h x : h G H } zs total in 0-C x for all x EX. Then a measurable section x^h x is such that 
x I— > (h x ,h' x ) is measurable for all h' E 

For a measurable map f : X i — > X anJ measurable families 9i = (J{ x ) x ex> M = 
(^jc)fel °/ Gilbert spaces we call a family (A x ) xe x consisting of bounded operators 
A X E < B{^( X i ?{f( x ) ) measurable ifx i— > (A x /j x , y( x ) ) Z5 measurable for all h E H , h E H . 
Unless stated otherwise, we assume implicitly f(x) = x ifX — X. 



Note 2.2 From definition, the structure of H depends on the set H . But, one can show |[T9l 
4.4.2] that if all H x are separable then all measurable families (corresponding to different sets 
are isomorphic. Since we deal with separable Hilbert spaces only we need not discuss further 
subtleties here. 

In the sequel we use frequently the interval sets I s t = { (s',t r ) : s < s' < t' < t} for 
< s < t < oo. Similarly, we set/ ,°° = { (s',t') : < s' < t' < °o}. 

Let K be a locally compact second countable Hausdorff space. The space 3# of all 
closed subsets of K, topologized by the myopic hit-and-miss topology generated by the 
sets {Z : Z(~)K' = 0}, K' compact and {Z:ZnG^0}, G open, is a compact second 
countable Hausdorff space 091 section 1 -4] . A random closed set in K is just a valued 
random variable, i.e. its distribution is a Borel probability measure on Observe that 
$k is a continuous semigroup under U, leading to a convolution * of probability measures 
by in *Ht(Y) =ii 1 ®n 2 ({(Z 1 ,Z 2 ):Zi\JZ 1 eY}). 

Let H be a Hilbert space. ^ H' Q H is a closed subspace denote the orthogonal 
projection onto by P%/. Especially, for h E H we set Pr/, = Pre/,. For a family of 
orthogonal projections (Pi)iei C S ), let A/e/-^' an d Vie/^i denote their greatest lower 
and least upper bound respectively. For limits in the strong and weak topology on ® ) 

we use the symbols s-lim or — ► and w-lim or ► respectively. 

Von Neumann algebras are weakly closed subalgebras of some For any set 

S C "B [H ) its commutant is S' = { a E <B (tt ) : as = sciis G5} and S" its bicommutant. 
Both are von Neumann algebras if a E S => a* E S. All used operator algebras possess a 
unit denoted 1 and homomorphisms of operator algebras are unital *-homomorphisms. 
Further details could be found in lfT91 Section 2.4]. Again, von Neumann algebras in 
(B {H ) form a lattice, denote f\ iel and \J ieI <Bi the greatest lower and least upper bound 
respectively. A map a between von Neumann algebras is called normal if it is o- strongly 
continuous, or, equivalently, if sup d<ED a(ad) = a(sup deD ad) for every bounded increas- 
ing net (aa)deD of positive operators. 

A functional T| : <B i — ► C, <B C $ (H) a von Neumann algebra, is called normal state 
if for some positive trace-class operator p of trace 1 we have T|(a) = trpa for all a E <B . 
r| is faithful, if X[(a*a) = implies a = or, equivalently, if p could be chosen to have 
trivial kernel. 

For any Hilbert space H , denote 5\£ (9{) the set of all von Neumann subalgebras of 
<B{:H). We introduce a topology on $1 (M) identifying A E %C (?{) with Bi(si) = {a E 
J? : \\a\\ < 1 } and using on ^B^efM)) tne hit-and-miss topology with respect to the weak 
topology on Bi (<B(9{)) which turns it into a compact metric space. 

A representation of an algebra <B on H is an homomorphism from A into $ [H ). 

The symbol I indicates the end of a proof or a statement which is either trivial or 
proven elsewhere. 

3 From Product Systems to Random Sets 
3.1 Product Systems 

Loosely speaking, a product system (of Hilbert spaces) is a family (£ f ) ? >o with < E s -s rt = 
<E S ® T. t in a consistent manner for all 5, t > 0. 



Definition 3.1 A continuous tensor product system of Hilbert spaces (briefly: product sys- 
tem) is a pair £ = ((E ? ) r >o, (V s> t) s ,t>o)> where ('Et)t>0 is a measurable family of separa- 
ble Hilbert spaces with T,q = C and (V St t) s ,teR + is a family ofunitaries V S) t : T, s <8> <E t \ — > 
T, s+t with 

V 0jt z® yt = *Wt = VtfNt ®z, (t > 0,\|/j g £,,z e £ = C) 

which is associative in the sense of 

V r , s + t o(lz r ®V s>t ) =V r+s jo(V r , s ® !<£,), (r,s,teR + ), (3.1) 

and measurable with respect to f : K+ x M + i — > R + , f(s, t) = s + t, and the measurable 
families (£ f (g> t E s )s,teR+> {^t)t>0 of Hilbert spaces. 

Two product systems £, £' are isomorphic if there is a measurable family (9 ; ) ? >o of 
unitaries Q t '■ 2>t 1 — ► £/ wiY/i 

Q s+t V S)t = Vt )t B s ®Q t , (s,teR+). 

Note 3.1 The above definition differs from that of ARVESON [4|. There a Standard Borel struc- 
ture on Ur>o is required and the multiplication (UreR + ^-t) 2 3 i x ,y) l— * -^J. -^.vjf := ® y< is 
associative, measurable and fibrewise bilinear. In fact, both approaches are essentially equivalent 
as is shown in Lemma l7. 16l below. We prefer the above version since we encounter similar, but 
more complicated structures in section |6] which are not so easy to capture by the old definition. 
Further, differently from [4], we incorporate t = by choosing Eo = C and allow for (trivial) 
product systems like (C) t>0 and ({0}) ?>0 . Further, we find the measurable family approach 
more convenient since we need those for the more complex structures in section |6] This change 
of definition does not affect the classification task, to characterize all equivalence classes of prod- 
uct systems under isomorphy. The present work amounts to collect more invariants for product 
systems, i.e. maps from product systems to some space which are constant on isomorphy classes. 

Note 3.2 Presently, one task in the construction of product systems consists in proving measur- 
ability of the multiplication, see e.g. [65 1. Below, in Corollary 17.71 we show that for any algebraic 
(i.e. without any of the measurability requirements above) product system all consistent measur- 
able structures (if there is one) lead to isomorphic product systems. Moreover, we can decide 
easily whether there is a consistent measurable structure. Clearly, this is a more complicated 
version of the above cited result for general measurable families of Hilbert spaces. 

Example 3.1 Consider the trivial one dimensional case £ f = C for all t e M + not covered 
by the definition in 0. Then V Syt is encoded by the number m(s,t) = V^l <8> 1 G T. 
Clearly, \(3A)\ is equivalent to 

m(r,s + t)m(s,t) = m(r + s,t)m(r,s). 

We will solve this equation in Lemma \73\ below, it turns out that there is essentially only 
the usual product structure on this product system. A measurable structure is equivalent 
to choose an arbitrary (but to be called measurable) curve (z®)t>o m T. (V s j) s j>o is then 
measurable if (s, t) i— > m(s, t)z®z® '/ 'z Q s+t is measurable. Again, there is (upto isomorphism) 
only one such measurable structure on £ [5|. Further, dimensional considerations show 
that this is the only product system [@J p. 19, proof of Proposition 2.2] with < dim'E t < 

oo. 



Example 3.2 Let y{ be a separable Hilbert space and define its n-fold symmetric tensor 
product i# S ym = lh { u® n : u E 9-f } C H® n . The symmetric Fock space over 9-f is the 
Hilbert space 

n=l v 

Introducing exponential vectors \\fh E T{9(), 

oo 

we have T(^i ® 0-C2) — r(-^i) ®r(#2) under the isomorphism extending VjA^g^ 1— ► 
V/i! ® V/! 2 lH3l Proposition 19.6]. Fix a separable Hilbert space %, and set r(%_) t = 
r(L 2 ([(),?], 5C)). We find that die multiplication given by (K,/)v>o, 

^v/®\|/ g = ¥/+ P . s g, OM L 2 ([0,s], 3c),g g L 2 ([0,?], at)), 

where (p;);>o are the right shift isometries, p s g(s + t) = g(t), is associative. Mea- 
surability of the multiplication follows from continuity of (Pt)t>0 such that r(if£) = 
((F(3c) ? ) r > , (V s , t )s,t>o) is a product system. 

Further important notions in product systems are given by 

Definition 3.2 A unit of a product system £ is a measurable section u = (u t ) t >o through 
( l E t ) t >0 fulfilling 

u s+t = u s ®u t = V Stt u s ®u t , (s,t>0) (3.2) 

and Uf 7^ OVf > 0. The set of all units ofT, is denoted by <^(£ ). 

We say that 7 = (7t)t>o is a product subsystem of T, if ft C £ f is a closed subspace 
for all t E and multiplication on f is given by the operators (V s j ) s ,teR + > V^t = V?^ \ 
7 S ® 7t which are unitaries. 

For every product system £ its units generate a product subsystem £ ®of £ by 



T,f= lh I u\ ®u\®---® u\ \t\-\ \-t k = t,u l ,...,u k G ^(£)| C (t G R+). 

(3.3) 

In fact, £^is the smallest product subsystem of £ containing all of the units of £. 
ARVESON proved in J31 section 6] that £^is isomorphic to a product system r(ac) of 
Fock spaces for some separable Hilbert space (for details see Example 13. 21) . A simple 
proof based only on results of the present paper is given in Corollary 16.41 The different 
cases concerning the relative position of £ and £ ^motivate 

Definition 3.3 (|49|) A product system £ is said to have type I, if £ = £^ If neither 
£ £ nor £ ^= { }, £ /zas type II. Product systems with £ a// ^ {0} are called spatial 
product systems. 

In both cases, if £ ^ is isomorphic to r(nc), we speak of type I^im ^ or 11^ ^ respec- 
tively. dim^C is called numerical index of the product system. 

Type III product systems fulfil £ ^ = { }. Their numerical index is set to — K 1. 



Example 3.3 It is easy to derive that each unit u G l %{r(iCj) of a Fock product system 
r(x) has the form u = u z,k , 

uf k = e^ X[0t]k , (teM+), (3.4) 

for some k G and z G C. Denseness of step functions in each L 2 ([0, t] , %i) and totality 
of the exponential vectors shows that r(x)^= r(x), i.e. -T(^c) is of type Idimse- 

In it was shown that the numerical index is an invariant of the product system 
being additive under tensor products of product systems. Our goal is to find further 
invariants of product systems being nontrivial if £ is not type I. 

In the following, we want to focus our considerations to one Hilbert space in the 
family (•E t )t>o, say £i. A first, useful reduction is achieved by the following proposition, 
which we prove for the sake of readability in section lT^l on page 17 .21 

Proposition 3.1 Product systems (T, t ) t >o correspond via restriction of the parameter 
space one-to-one to measurable families [ ( Et)t€[o,i] of Hilbert spaces equipped with a 
measurable family of unitaries (V s ,t)s.t^[0A].s+t<l fulfilling [(3.1) restricted to r,s,t > 0, 
r + s + t < 1. 

Note 3.3 From [ 7 1 we know that we can represent any product system as product system asso- 
ciated with an £b-semigroup (oCr) f >o on some Hilbert space 9( . From the results in |U|32]|71 it 
follows that there is a unitary group (U t ) t >o on 9i ® H such that 1 <g> a t (b) = U*t <g) bU t for all 
t > 0, b € ® (#"). Both results are reproved in Theorem [8] below. Since this representation is not 
intrinsic, we find it easier to work with the intrinsic structure on the Hilbert space Ei. Moreover, 
the measure types of random sets, we associate with £ below, would have depended on the spe- 
cific representation if we had considered the whole half-line. These structures are only equivalent, 
if we restrict our considerations to a compact interval, for our convenience [0, 1]. This reflects the 
fact that there are at least two natural equivalence relations for iso-semigroups: Cocycle conjugacy 
(related to product systems) and conjugacy. We deal here with the former only. 



3.2 Random Sets in Product Systems 

Next we study structures on T,\ induced by the (restricted) multiplication. 

There is an important set of unitaries (it)te{0 ,l) c acting with regard to the 

representations ( E\- t ® c E t = c E\ = c E t ® ( L\-t as flip: 

x t xi- t <S)Xt=Xt<S)xi-t, {x\- t G l E\^ t ,x t G £ r ). (3.5) 

Moreover, setting To = 1 and x t +k = x* for any t G [0, 1], k G Z, we get a periodic 1- 
parameter group (x f ) feR : 

Proposition 3.2 (x f ) feR is a strongly continuous 1 -parameter group of unitaries. 

Proof: First we have to show x t X s = % s +f It is enough to prove this for < s,t < 1. If 
s + t < 1, we obtain for all x s G "E s , Xt G £< and x\- t - s G "Ei-t-s 

X t X s Xl-t-s®Xt ®X S = % t X s ®X\- t -s ®X t = X t ®X S ®X\- t -s = Xs+fXl-t-s ®x t ®x s . 

If s + t > 1, we find for xi- t G £i- f , X\- s G and x v+f _ i G "£ s +t-l 

% t X s Xi- s ®Xi- t ®X s+t -i = % t X\- t ®X s+t -i®Xi- s 

= X s+t -l®Xl- s ®Xi- t 

= x s+t xi- s ®xi-t®x s+t -i. 



£ U,V t ,i-t# ® e\_ t ) h/x- tf e\_ t ®e?A)- 



This establishes T t +s = fy^s for all s, t G R. Further, the flip on tensor products of Hilbert 
spaces is unitary. 

To prove that (x f ) ?eK is strongly continuous it is sufficient to show that (^t)te(0A) ls 
(weakly) measurable 11531 Theorem VIII.9]. Without loss of generality assume £ is not 
trivial and let (e") t >o, n G N, be measurable sections of £ such that for all t > 0, (e")„ G N 
is a complete orthonormal system of T, t . From measurability of the multiplication it 
follows that (s,t) i — > V^e"®^™) is measurable. Thus 1 1— > (e^, V\-t t te"_ t <8> ej") is 
measurable for all £,n,m G N too. Consequently, ? i— > Vu-« e " ® e™_ f is a measurable 
function in £i for all n,m G N. Since x f Vi_ ;)f e"_ f £§>e™ = Vr,i- f e™C§> we derive from 
complete orthonormality of (Vi-t^_ t ® ef ) Mime N 

4,Vi) = £ (4,^1-^(8)^)^1-^(8)^,^ 

This shows that (x f ) fe ( ,i) is weakly measurable, i.e. strongly continuous. I 

Note 3.4 It is easy to see that (X() feR behaves well under isomorphisms of product systems. 
Thus it seems reasonable to study the spectrum of (the generator of) (x t ) fgK as a further invariant 
for product systems. But, at the moment, there is no indication that there is a nontrivial product 
system for which this invariant is different from Z with infinite multiplicity. 

With a product system T, there also come two kinds of projection families in <E\. For 
a fixed unit u = (u t ) t >o set, regarding the representation T.\ = T. s ® 'Et-s <8> £i-f, 

Kt = P%,®C«,_,® El _ ( = la* ®Pr c „ ? _ s (8) l El _ t , G / ,i) (3.6) 

Similarly, with E^given by |(3.3) define 

P S = Pr £j ® £ ^ El _, = 1^ ® Pr ^. s ® (Cm) e /o,i). (3.7) 

Clearly, these projections belong to the von Neumann subalgebras 

A,,r = Is, ® (£,-,) ®l El _„ ((j,0e/ ,i). (3.8) 

LikeP", P^we call a set of operators (^,?)( Jif ) e / , C ® (Ei) adapted, if ^ G J? S) j. Similar 
constructions are valid for arbitrary product subsystems J instead of E^or (Cu t ) t >o, see 
|(5.1)| in section |3 

The flip group acts in a simple manner on these projections. This action is best written 
in terms of the automorphism group (o f ) feR , 

G t (a)=x*ax t , (ae »(£i),f el). (3.9) 

With a = a t ®l, a t e < B{'E t ) we obtain 

o f (a r (8) l)*i-* ®x f = x f *(a f ®l)x r xi_ f ®jc, = x*(a f (8)l)x f (8)xi_ f 
= x*a^ ® xi_f = x\- t ® a t x t 
= {t®a t )x\- t ®x t 

what shows o t (a t (8 1) = 1 ®a t and c t (A rjS ) = -# r+f)iS+f for (r,s) G 7o,i-«- By similar 
calculations we derive further 



Lemma 3.3 Both families (P" r ) (.?,/) e / 01 and (P*) ( 

s,t)ei 0< \ consist of adapted projections 

(Ps,t)(s,t)ei \ c 'B ("Ei) fulfilling the relations 



Pr,t=Pr, S Ps,t, ({r, S ),(s,t)eI ,l) (3.10) 



and 



Vs+r.t+r ift + r<\ 

Or(Ps,r)={ Ps+r-U+r-l if s + r > 1 , (r G [0, 1] , (s, t) G 7 ,l) J (3.11) 
P i+r iPof+ r - 1 otherwise 



Note 3.5 The shift relation (3.11) is best understood in terms of the unit circle T, represented 
as [0, 1) with addition modulo 1. Then the interval (s,t) is the (open) clockwise arc from e 27tLS to 
e 2;tif xhus, if s > t, (s,t) = (s, 1) U [0,t) leading to the convention P s , = P^jPo^ which simplifies 

IffTHI to 

O r (P s , t )=P s+r , t+r , (r,s,t€T,s^t). 

Below, we choose at any occasion that space among T or [0, 1], which yields more appropriate 
notions. 

Note 3.6 If 6 is an isomorphism of product systems, it maps units into units. Since the same is 
true of 6*, the family (PTt)(s,t)ei a i * s an invariant structure. 

On the other side, the following problem is open [ 15]. For any pair of units u,v G ) with 
||% 1 1 = ||v t || = 1, does there exist an automorphism of £ mapping P", into P v st or u into v? The 
importance of this question lead to the notion of amenable product system, for which the answer 
is affirmative [ 15, Definition 8.2]. Below we find indications that all product systems belong to 
this class, but no proof is available. Thus, at present, we have to consider the whole collection 
{ (P"f)(*,f)e/o i ■ 11 e } to obtain an invariant object. This will be considered in more detail 

and in an appropriate setting in section [5] 

All together, one should ask for a structure theory of projections with (3.10)[ which must be 



necessarily commuting. A good framework to discuss such questions is representation theory of 
C*-algebras. In the special case of commuting orthogonal projections fulfilling |(3 . 1 0)| we would 
call the related objects (random) bisets, see section [5] But, separability of Ei implies continuity 
of (tt) f€R (Proposition |^Ji and (P s ,t)( s .t)ei 1 (Proposition |^J. The latter is essential to get distri- 
butions of random closed sets, since this requires some kind of continuity, see Lemma l931 Due to 
these facts, the following theorem can present a much stronger (von Neumann algebraic) result. 



Theorem 1 Let (Ps,t)( s ,t)eioi ^ e adapted projections in which fulfil |(3 . 1 0) and 



Po,i 7^ 0. Then for all normal states T] on n{TL\) there exists a unique probability measure 
fi n on #[ 0)1 ] with 

l^({Z:Zn[s i ,t i ] = d,i = l,...,k})=T\{P slA ----p SkA ), {(s h ti)eI 0A ) (3.12) 

Iff] is faithful then /j^i -C Hx\for all normal states T|' on < B{'E\). Moreover, the corre- 
spondence 

X{Z:Zn[s,t]=<t>} ^ ?s,t, G 7 0j i) 

extends to an injective normal representation Jp of L 00 ^) on Ei with image {P s j : 

(s,t)el ,i}". 

Note 3.7 |(3.11)| is not necessary for the conclusions in the theorem. This will prove useful when 
we deal with so-called decomposable product systems, see Corollary 16.61 Similarly, adaptedness 
is not strictly necessary, it enters the proof only through the next proposition. 

Note that a weaker version of this result was obtained in [66 Lemma 2.9] without the non- 
atomicity results collected in Corollary 13.51 



For the proof, we need a continuity property of the family (P s ,t)( s ,t)ei i ( cr "- Proposition 
ED- Define 

P°=V p *-e,m, (0<j<1) (3.13) 

£>0 

The right hand side is in fact a o-strong limit as 8 j since £ i— > P s _ Eiiy+e is increasing by 
(3.10)| These new projections belong to the von Neumann algebras jz° C $ defined 
through 

<=/\j^_ w , (0<j<1). (3.14) 

£>0 



Proposition 3.4 For all s G (0, 1) the algebra R° is Cl. More generally, lirn n _»ooS n = s 
and lim n ^oo^ = t force \im n ^ ao Sl Sntn = A S)t with understanding A SjS = Cl. 

Suppose (Ps,t)(s,t)ei 1 are adapted projections w*V/? |(3.10")] Then P° G {0, 1 } for all 
s G (0, 1) and P^ i? 7^ Ofor some (s,t) G Zo,l implies P°, = t for all s' G (s,?). 

7/J additionally, Po.i 7^ ?/zen s n ► £ implies 

n — >oo n — >oo 

p S , [ P .U 

Proof: For the proof of the first assertion, fix a G •#r , iS i- For 5 > we obtain from 

a 8(-^.s,r) = ^s+Sj+S tnat a £ &s-5 s+8 implies 05(a) G ^ Si+ 25 ^ ^,1- Continuity of 
(Tf)ieR shows a = s-lim§| 05(a) G Similarly it follows from considering negative 
8 that a G J?o,«- Thus , C sl 0}S n # S) i = Cl, i.e. , = Cl. 

For the proof of the continuity statement observe that by monotony of (s, t) 1— ► f 
it is enough to prove the monotone case. l39l Corollary 3 of Theorem 1-2-2] and the 
Kaplansky density theorem lTT9l Theorem 2.4.16] show that this is equivalent to prove 

w 

£>0 £>0 

Since 

a = s-limG_ e (a e (a)), (a G K s ( 5 + r )/2,e small) 
ej.0 

we can approximate any element of fl- s i s +t)/2 weakly with elements from (Je>o^+e,f-e- 
The same conclusions is valid for Si/ s+t \ /2,t ■ Since Ue>o %*+&,t-z is an algebra it is weakly 
dense in R S)t . ?L sf = n E >o^-e,j+e follows from U E >o^+e,/-£ = &s,t by taking corn- 
mutants. 

Adaptedness of (P s ,/)(v)e/ 1 implies P° G SI?, and we derive P° G {0, 1}. By P°, = 
for a single s' G (0, 1) we get P^-^+s = for all £ > 0. This shows P s t = for all 
0<s<s' <t<l. 

Suppose Po,i 7^ what implies P° = 1 for all s G (0, 1). If s n \ n -+°° s, we g et 

1 > P. . > Po 2s -s — = 1 

n^<x> 

s 

or Pj„,5 > 1- Thus, for t > s 

s-limP^ t = s-limP w Ps f = P st . 



Similarly, t n | n ->-°° t implies V s4n — > 1 if t = s and P Sjtn — >P S)t ift > s. 

n — >oo n — >°° 

From s n [ n -*°° s we obtain from the above relations for t > sq 



P st = s-limP 5 Sn P s t = s-limPv^ s-\imV s t = s-limP 5 * 

n — n — n — >oo n — 

The general case follows easily from subsequence arguments. I 

Proof of Theorem\J\ Observe that |(3.10)| implies that the projections (P s ,t)( s ,t)ei 0] corn- 
mute with each other. We define for all open sets G C [0, 1] a projection P G through the 
formula 

Pg = A p v- 

(v)e/ ,i,[v]cG 

We get directly that G n ] n ^oo G for open sets G, (G„) neN leads to P^ n [ V° G . Consistently, 
the meaning of the above formula in the case G = is P@ = 1. 

Next we want to prove for all open sets G,G' C [0, 1] that P^ uG / = Pg p g'- Since 
Pg uG / < p g P g' is tr i viau y fulfilled, it suffices to show that any interval [s, t] C GUG'is 
the finite union of closed intervals which are either contained in G or G' . Both G and G' 
are countable unions of (for each set separately) disjoint open intervals. By compactness, 
there are sets Go C G and G' C G' such that [s,t] C Go U G' and both Go and G' Q are 
unions of finitely many open interval. For any open set G and £ > construct the open 
set 

(G) E ={teG: \t-t'\ <£^t' EGVt' E [0,1]}. 

Since G was assumed to be open we derive G = Ue>o(^) E - Using again compactness and 
the fact that £ i— > (G) e is decreasing, we obtain some £ > with [s,t] C (Go) e U (G ) e C 
(G ) e U(G ) e . At the end, the definition of (G) e shows that (G ) e CG CG and (G ) e C 
G' C G' are unions of finitely many closed intervals and the relation P GuG / = P^g' ls 
proven. 

Now fix a normal state T] on ( B{t,\). We want to show that the function T 
r(G) = l-ri(P G ), (GC [0,1], open) 
is a Choquet capacity of infinite order [39|. This means that 

(i) r(0)=o, 

(ii) lim^oo T(G n ) = T(G) if G„ | G and 

(iii) the functions (S„) ne ^ defined recursively by 5o = T and 

Sn(G,Gi,...,G n ) = S n - 1 (G U G\ , G2 . . . , G n ) — 5„_ 1 (G, G2, . . . , G„) 
are all positive. 



(i) is fulfilled by the normalisation T|(l) = 1. (ii) follows from normality of T] and the 



fact that P G I P G implies P G = s-lirn n _*ooP G . For the proof of |(iii)| observe that P GuG = 
P G P G[ implies 

5i(G,G!)=r(GUGi)-r(G)=ri(P G -P GuGi )=ri(P G (l-P Gi ))>0 
and similarly 

S„(G,G 1 ,...,G„)=r|(P G (l-P Gi )-.-(l-P Gn ))>0. 



Now the Choquet theorem l39i Theorem 2-2-1] asserts that there is a unique Borel prob- 
ability jj a on # [0>1] such that ^({Z : ZH G ^ 0}) = T(G) =T|(P G ). 

Using Proposition 13 .41 we derive P? ^ = s-lim n ^. 00 P iS+ i/ n) f_i/ n = P s ,t and similarly 
Pfn ^ = Po t and P? ,i = Pi i . This shows P? . v . ... t > = P s , ■ • ■ P.. r , what im- 

plies 

^ ( { Z : Z n (j,-, f f ) = 0,/ = 1 , . . . ,k }) = T| (P„ ;i • • • P JJt A ) , ( (>;, f f ) G 7 ,i) 

and the same formula with obvious modifications of the type of intervals if Si = or 
ti= I. Since we are working with closed sets, Z n [s, t] = iff Z H (s— l/n,t + l/n) = 
for some n G N. Thus by continuity of (probability) measures, o-strong continuity of r\ 
and a- strong continuity of multiplication on $ (24) 

^({Z:Zf][ Si ,t,]=<d,i=l,...,k}) 

= hmftn({Z:Zn{si-l/n,ti+l/n) =0,z'= 1,. ..,k}) 

= ri(s-limP !/ , +1 /n ■ • ■ s-limP s l/nt +l/n ) 

= r \( P s u t 1 ---'Ps k ,t k )- 

Further, it is easy to see that the probabilities /i,i({Z:ZnG^0}) are already determined 
by the values ^({Z : Z n (sj,?/) = 0, i = 1, . . . ,&}) and the first part of the theorem is 
proven. 

For the existence of 7p construct the GNS-representation (H^,Tt^ ), see section 17711 
of the restriction r| of r\ to the abelian von Neumann algebra {P J f : (s,t) G /o 1 } C 
« (£1). The map [P G ]r, i-> %{ Z:ZnG=0 } G L 2 (^) extends to a unitary U :H 1[Q \ — ► L 2 ^) 
since 

(raw. raw* = M^h) 

= r|o(P GuG ') 

= ^({Z:Zn(GUG / ) =0}) 

= / u T1 ({Z:ZnG = 0,ZnG' = 0}) 

= J d^r|X{Z:ZnG'=0}X{Z:ZnG=O} 
= <X{Z:ZnG'=0} 5 X{Z:ZnG=0}) L 2 (jUTi) ■ 

Further, the GNS-representation is unitarily equivalent to the representation of L 00 ^) on 
L 2 (/Jr|), see Example l7.21 Since T] is faithful, T]o is too. Therefore, the GNS representation 
7lr| , 7tr|o( fi! )[^]r|o = [ a b]r\o ls faithful (i.e. n^ (a) = for positive a implies a = 0) and 
its image is a von Neumann algebra ifT^l Theorem 2.4.24]. Thus has a o- weakly 
continuous faithful inverse and setting Tp(-) = 71^ 1 (£/* ■ U) the third part is proven. 

Let Tj' be another normal state on <b{t,\). Then ri'o/p is a normal state on L°°(fj.^). 
Therefore, there is a probability measure // on #[0,1] w i m A 7 ' *C ^ for which this normal 
state is the expectation functional. Now the formula 

A / , ({Z:ZnG = 0})=ri / o7p( %{Z:ZnG ^ } )=n / (P G )=^({Z:ZnG = 0}) 



and the Choquet theorem complete the proof. I 



Example 3.4 Suppose P s . t = for all (s,t) G 7o,i> which fulfils definitely \(3 . 1 0)| but also 



Po.i = 0. We want to show that the conclusions from Theorem\]]remain valid. Thus we 
search for probability measures ^ with ^ ( { Z : Z fl [s, t] ^ } ) = 1 for all (s, t) G Io, i . As 
a consequence, almost all Z should have points in any interval with rational endpoints. 
We conclude that Z is dense almost surely and closedness of Z implies Z = [0, 1] p-q-a.s. 



or /j-q = 8[o ; i] . It is easy to see that this choice fulfils (3.12) 



Example 3.5 P v = 1 for all (s, t) G 7o,i iuMIs |(3.10)| too. Now ^ ({ Z : Zn [0, 1] = }) = 
l( p o,i) =r l( ]1 ) = 1 shows = 80. 

For later, we add some properties already collected in the proof of Theorem[l] 
Corollary 3.5 The same conditions imply the relations 

m{{Z:teZ}) = 0, (fG[0,l]), 

and 

k k 
^({Z:Zn\J( Si ,ti) =&}) =fi n ({Z:Zn[J[s i ,t i \=&}), ((^)G/ ,i) 

!=1 (=1 

as well as 

h{%{Z:ZC\{s,t)=<b}) =^p(5C{Z:Zn[*,f]=0})> (C^O ^/o,i)-l 

3.3 Measure Types as Invariants 

Since isomorphisms of product systems send units into units the system {PTt)(s,t)ei 1 * s 
left invariant by them. For that reason we study now the special case of random sets 
associated with these projections. Although Pf t = for type III product systems such 
that Theorem [T] could not be used, Example 13.41 showed that the results extend to this 
case. We denote the corresponding probability measures on d[o,i] by Mrf- 

Besides their pure existence, the tensor product structure creates additional properties 
of the measures jA~. So let p be a probability measure on Smil • Define p s ,t to be the image 
of /j under the map Z 1— ► Z fl [s,t] , and, for t G [0, 1] , p + 1 to be the image under the map 
Z Z + t = ({z + t : z G Z}U {z + t- 1 : z G Z}) n [0, 1]. These definitions carry over 
to measure types. 

Theorem 2 For every product system £ the measures p® belong for all faithful normal 
states T] on $(£1) to the same measure type. Denoting this measure type by M <E,t ^ the 
relations 

<P= MfJ*, ((r, j), G / ,i) (3.15) 

and 

M' E &+t = M' E >® (*e[0,l]) (3.16) 

hold. 

Moreover, if two product systems £ and T,' are isomorphic then <M <E, '^= M £ ^. 

Note 3.8 Remember our conventions about measure types: |(3. 15)| and |(3. 16)| mean for one and 
thus all fj G M 

Vr,t ~AV*Ms,t, ((r,s),(s,t) e/0,1) (3.17) 

and 

H + t~n, ((GM). (3.18) 
respectively. Such measures we call quasifactorizing and quasistationary respectively. 



Note 3.9 Similar results could be obtained for ^-semigroups (oc f ) f >o on some Then we 

have to fix projections (J?s,t){ s ,t)eh„ C3(^) with |(3. 10)1 for all (r,s),(s,t) E 7o,°° an d 

OC r (P.v,r) = P,-+r,f+r, (r E R+, E /(),.). 

We do not follow this line here since the analogue of the above result provides us a measure type 
on 3r + which is not an invariant of (oc f ) t >o with respect to cocycle conjugacy, the counterpart of 
isomorphy of product systems for ^o-semigroups. It is only invariant under conjugacy. 

Proof: From Theorem[l]we know for two faithful normal states r\,f}' that both /j^ <C ju^ 
and /u^ -C /Ay are true, i.e. /j.^ ~ This shows independence of the measure type M % ^ 
from the choice of T|. 

To prove (3.17) we may restrict to the choice r = and t = 1 and /J = /Jr\ for some 
faithful normal state T| on $(£1). Observe that the representation <E\ = < E S ®'E\- S pro- 
vides us together with r\ with the restrictions r\Q s of T| to J%o >s and r| s j to A s \. But the 
normal state v\' = r|o,j defined via 

y\Q,s®y\s,i{b s ®bi- s ) =T\(b s ®l< El _ s )T\(l< Es ®b l - s ), (b s £ 2?(£ s ),&i_ s E 

is again faithful on <b{t,\). Fix intervals [jj, f,-] , j = 1 , . . . , k, which are contained in [0, s] 
for i < I < k and which are contained in [s, 1] for i > L We find 

li n >({Z:Zn[si,ti] =0,/= 1,. ..,*}) 

= Tlo^P^j • • •Ps,,r,)'nj I i(P S/+1 ,? /+I ■ • -p^a) 

= ) ,, ({ Z : Z n [ Si , ti\ = 0, i = 1 , . . . ,k }) ({ Z : Z n [s u t t ] = 0, i = 1 , . . . ,k }) 
= (^0o,,({ Z : Z n [j,-, = 0, i = 1, . . . , k}) (^)m ({ z : Z H [*/, U] = 0,z = l,...,fc}) 
= (/*n')o,ff*0*n')*,i({ Z:Zn [ ,s «» f «] = >* = !»•••>*})• 

Theorem[T]proves |(3.17)| 

To prove equation (3.18)[ define for t E [0, 1] and a faithful normal state T| on S (24) 
the state rf = T] o a f = X[{% t ■ %*) which is again faithful. Then we see from (3.1 1)| for 
(si,h),...,(siJi) c [0,1-?] and (si+i, t w ),..., (s k ,t k ) c [1 — *, 1] 

k 

= ri(o f (P Sljfl •••P lS/) f r P Sm ,j, +1 •••P^,fJ) 

= Tl (Or (P*, • • • <*t (Psut^t (P, /+ i ) • • • <*t (Ps k ,t k )) 

= T l(P*i+r,Ji+f ' 7P.r,+r,f,+/P.s/ +1 +/-l,/, +1 +/-# ' "^s k +t-l,t k +t-V 

= ^{{Z:zn\J{si + t,ti + t) = 0,zn (J (ji+f-Mi+j-i) = 0}) 

= ^ ({ Z : (Z n (*;, U) = 0, i = 1, . . . f 7*ft . 



In these calculations we can use open instead of closed intervals by Corollary 13 .51 So we 
can conclude from Theorem [l] that ^ — t = ^ ~ ^ for all t £ [0, 1] . 

If two product systems T, and T,' are isomorphic under (Q t ) t >o, 9 and 0* map units 

into units. Thus we obtain Q t T,f / = (£ ; )fand the families (Pfffi ( s j)ei 1 an( ^ (Pf/^) (s,t)ei 1 
are unitarily equivalent: 

9^%=P^ ((M)e/o,i). 

Setting r|' = r|(0j • 0i) on i b(t,[), it is straight forward to see i\^= '^and the proof 
is complete. I 



Note 3.10 We prove in Corollary 16. 2l below that { ^ : r\ faithful } is already a measure type, i.e. 
it is equal to fW E 

We present now two simple examples. 

Example 3.6 If £ is of type 111, i.e. it has no unit, we know V"f t = for all (s,t) G /o,i. 
Thus Example \3.4\ shows fJ^f= 8[ 01 ] and M" E, '^= { 8{[o.i]} } • 

Example 3.7 Consider £ = r(Ki) which is of type I. Thus P \ '' =1 and Example 
^yields M' E ^={h % }. 

3.4 Measure Types Related to Units 

It is clear, that for the first part of Theorem|2]fhe family (P s .t) (s.t)ei 1 need not be associ- 
ated with £ % So we obtain in a similar, but due to Pq l — Pr Ml ^ more simple, fashion 



Proposition 3.6 For every product system £ and every unit the measures fJL 

defined via Theorem\I\from the system (P"t)(s,t)elo i w ^ tn varying faithful normal state r\ 
on (B (£i) belong to a unique measure type M £ '" fulfilling |(3Tl5)| «n<i K3. 16) I 



Note 3.11 We would like to have, like for the product subsystem that E w is an invariant 
of the product system So the main problem is whether !M E '" is a well-defined invariant, i.e. 
whether for two normalized units u, v the measure types M E " and M E,v are equal. Copying the 
relevant part of the proof of Theorem El gives us only E >" = E 01 " if 6 is an isomorphism 
between £ and E ; . Thus W E " = fW E ' v would result for all u,v G ^(e) if there were an au- 
tomorphism of £ such that v, = 6,m,. Whether the latter is true is an open problem until now 
[ 15 1, although we have strong indications (see Remark ["l0.2l and Proposition 13 .91 that the answer 
is affirmative. 

To derive the connection between the measure types M E '" and M E '^we need to collect 
more properties of units. It is easy to prove (cf. EJ Theorem 4.1]) that for two units 
h,v6^(£) there is some y(w, v) G C such that 

( Mf ,v,) Et = e-^, (teR + ). (3.19) 

Thereby, y : ) x ) i — ► C is a conditionally positive kernel and called covariance 
function 0. 

Poisson processes U v are distributions of (finite) random closed sets defined by 



n v = e- v ([° J ]) 5 + £ - / V\dt h ...,dt n )b {tl fn} . (3.20) 

where v is a finite measure on [0, 1] with \({t }) = OWt. Observe that n v ({Z : Zfl G = 
0}) = e~ v ( G ) for all (open) sets G C [0, 1] which is characteristic for n v by the Choquet 
theorem [39, Theorem 2-2-1]. Observe that this theorem shows too that n v is factorizing 



and stationary if v = t. It is not hard to prove from (3.20) that it is quasifactorizing for 
all v ~ 1. 

Lemma 3.7 Let u,v be two units with ||vi || = 1. Then the measure «^ associated with 
the projection family (P^t)(s,t)ek i an d tne P ure normal state r\(a) = trPr Vl a Va G ® (£i) 
by Theorem\l\is the Poisson process n 2 fft c y( M 



Proof: If we normalize u and v, we obtain from (3.19) for disjoint intervals (si,ti) E 7o,i 
^({Z:Zn[s i ,t i )=<d,i=l,...,k}) = tiCP-^-P^) 

k 

— TT e 2<ReY(M,v)(j i -5 i ) 
£=1 

= n 2S Ke Y ( M)V )K{Z:zn[^,? ; ] =0,/= l,. ..,£}). 

Theorem [T]completes the proof. I 

For mutually commuting projection families, it is straight forward to prove the following 
analogue of Theorem [l] 

Proposition 3.8 IfNE N*U{°°} and (P^ )o,f)e/ 01 > n — I, ... ,N are commuting families 
of adapted projections with |(3 . 10)] |(3 . 1 1 )j ?/zere exists for all normal states r\ on < B( t E\) 
a unique probability measure /j^"' on d[o,i]x{i,...,N} w ^ n 

k 

^ N ({Z:Zn(j([s i ,t i ]x{n i }) = d}) =i\(P« A ■ ■ -P**), ((*,,f,) e/ ,i, 1 

*=i (3.21) 
7/"r| j'j faithful fiJi" ,N «C fJ^ " ,N for all normal states r\' . Moreover, the correspondence 

X{Z:Zn([s,t]x{n})=®} ^ P "r 

extends to a normal representation of LT(p.^'"' N ) on r B{ r E\) with image {P" f : (s,t) E 
I 0>h n=l,...,N}".i 

For any Z E.$g, denote Z the set of its limit points: 

Z=^tEZ:tEZ\{t)Y 

With these preparations we can derive an interesting relation between the measure types 
M E '" and M E, ^ r , we prove for simplicity reasons in section IQ1 on pagel52l 



Proposition 3.9 Let ube a unit of a product system £ and define the measure type M u ^ 
of random sets on 5ro,i]x{l,2} by 

M ">^= | p ; p no ^ 2 far all faithful normal states T] on H ((£i) | , 

where the measures p.\^ are associated with the families (P] f ) = (P" f ), (?L) = (?Tt) by 
the preceding proposition. 
ThenVf t = J? u ( 1{z 

■M(zn[s,t])<°°}) an d therefore M u '^is concentrated on the set { (Z x 
{ 1 }) U (Z x {2}) : Z E #[0,1] }• Consequently, <M ' E ^= M^^o with I mapping Z 
into Z. 

Note 3.12 Surely, both the set of measure types on #[o,i] as well as its subset of stationary 
factorizing ones are monoids under *. If we equip the (isomorphy classes of) product systems 
with the (commutative) operation of taking the tensor product, the map £ ^ 5W E '^becomes 
an homomorphism by this result. This parallels the similar result from [ 5 ] on additivity of the 
numerical index. 

Note 3.13 This result is essential since the measure type M E " is much easier to compute than 
M E ' , what is used several times below. 



3.5 Tensor Products (I) 



One main operation on product systems is the tensor product. I.e., if £,£' are product 
systems then £ ® £' = ((•£* ® £/) f >o> (V^,f ® V/ jf ) >Q is again a product system. It is 
interesting to ask, what implications this operation Tias in terms of the measure types 
associated with £ and £'. 

ARVESON proved in 10 Corollary 3.9], see Corollary |53] below, that all units of 
£ <g> £ ' have the form u®u' . Then 

p , r >^ = p ^ p ,v (M e/oi) _ 

Further, this result implies also 



Proposition 3.10 Lef £ and T,' be product systems. Then ^{' E ®' E '^ = grf't^* <M £ '>^ 
Ifu and u' are units ofT, and £' respectively then M = <m e >" * M 

Proof: For proving the first relation we use Theorem [l] for a faithful state T| ® T|' on 
S(£i ® £() = «(£i) <g> ®(£() with T) being faithful on «(£i) and tj' being faithful on 
$(£(). Then we obtain for all G /o,i, i = 1, . . . ,k 

^ n> ({Z:Zn[ Si ,ti}=<d,i=l,...,k}) 

— T\®mr Sl)tl r Sk)tk ) 

— ■ K r *i , ^ 'K r 5i, /i r s k ,t k ) 

_ nfP £ '^ pS'^WfP*''* P £ ''^ 

— Ml^i/i " " r s k ,t k J l l \ r s u ti '" r s k ,t k ) 

= ^\{z ■ zn [ Si ,ti] = 0,i = l,.. .,fc})^({z' : z'n = 0,/ = 1,. ..,*}) 

= ^ ^( {(Z,Z'):(ZUZ')n[s l ,t 1 ]=<d,i=l,...,k}) 
= '** ^({Z :Zn[j ( -,£(] =0,i= l,...,fc}) 

what shows the assertion on fM" ^^'i^by Theorem[T] The proof for fAf E ® 2; '>«®"' j s the 
same. I 



A further analysis of these measure types follows in section 143 



4 From Random Sets to Product Systems 

In the last section we established that any product system corresponds to at least one 
measure type of random sets. To get a deeper understanding of this relation we study 
now the reverse question: How can we derive product systems from measure types. As 
a side-effect, we show that both £ i— > M E '^and £ i— > M £ '" are onto. Surprisingly, we 
can use some already established facts about product systems to derive properties of the 
measure types of interest. 



4.1 General Theory 

Let L be any locally compact Hausdorff space. On Smi] xL we have tne natural operations 
Z^Z s>t =Zn([s,t]xL) and Z^Z+f = ({(z+tj) : (z,l)eZ}U{(z+?-l,/) : (z,/)G 
Z}) Pi [0, 1] x L. The convolution on the probability measures of d[o,i]xL associated with 
U is denoted *. In generalisation of the results in Theorem[T]we make the following 

Definition 4.1 We call a measure type 94 on 5[o i]xi stationary factorizing measure type 

if 

<M r>t = M rjS *M s>t , ((r,j),(j,0e/ ,i) (4.1) 

and 

94+t = 94, (teR). (4.2) 
Note 4.1 We remind the reader that |(^ and |(TI)l mean |(3.17)| and |(TTH)1 for all /u G 94 . 

Proposition 4.1 Every stationary factorizing measure type 94 on 5[o,i]xL determines a 
product system T, ^ associated with (("E^ )te[o,i], (Vs,t) s .te{0A].s+t<i) b y Proposition ^. l\ 
where = L 2 (94o jt ), t G [0, 1], and 

(V s ^ s ^ t ) m ^ ss jZ) = (y s ),_ lo XZo, t )(yt)v s , s+ ,-t(Z s , s+t -t), (s,te [0, l],s+t < 1) 

A corresponding measurable structure is given by sections (%) /e [o,i]/ or which there is a 
measurable function \\f : [0, 1] x d[0A] 1 — ► C such that for some /u G 94 

(¥rW( z ) =ty(t,Zo,t), (te [0,l},/Jo, t -a.a.Ze$ [0 A])- 



The proof of this result requires some results from section lOl Therefore, it is postponed 
to section 18.21 page [89j Above we introduced a general L since we wanted to have an 
analogue of Proposition 13 . 81 too . In the following, we concentrate on the case where L is 
a singleton, i.e. Z G Smil- Fi rst we summarize some properties of stationary factorizing 
measure types on 370,1]* being partly derived in the proof of the previous proposition. 

Corollary 4.2 Suppose 94 is a stationary factorizing measure type on [0,1] different 
from { 8[oj] }• Then for all p G 94 

(i) p({Z:teZ}) =0forallte [0,1]. More generally, /j({Z : Z HZ ^ 0}) =0for 
all countable Zq C [0, 1]. 

(ii) ^({0})>O. 

(iii) £(Z) = Ofor fj-a.a. Z G d[o,i]- Thus for fj-a.a. Z the complement Z c is a dense open 
set with full Lebesgue measure. 

Proof: The first part of|(i)]is equivalently stated and proved in Lemma lS.lOl The second 
part of [(^follows easily. 

For e > consider f E (Z) = X{z':z'n[t-£,t+£]^}( z )- Now lim ei0 / e (Z) = 1 -%z(t) to- 
gether with |(I)1 shows %z(0 = 1 and lim E | %{ Z:Zn [ f _ e jt +E]=&} = 1 j"-a.s., i.e. there is some 
£ > such that ^({Z : Zfl [t-e,t + e]= 0}) = ^ f _ E)f+e ({0}) > 0. Covering [0, 1] by 
finitely many intervals of length less than 2e and using |(3 . 17)| yields |(ii)| 

To prove |(iii)1 observe for /y-a.a. Z G ${o,i] 



0= f £(dt)xz(t) 
Jo 

what proves the third assertion. I 



Note 4.2 It is not complicated to get similar results for general L. Then (i) reads ^(j Z : ({ t } x 
L) n Z / }) = after excluding cases similar to /u = 8ro,i] • 

|(u)l has to be converted into fi({Z : Zn ([0, 1] xL') =0}) >0 for all compact L' C L. Note 
that this may be false for L' = L, see the next example. This fact is the reason we explore the 
structure of the product system £ u in the case of singleton L only. 

Using the canonical projection 7t : [0, 1] x L i — > [0, 11, |(iii)| shall mean £(n(Z)) = 0. 



Example 4.1 Consider the Poisson process Ti^# on 3[o,i] xN with intensity measure £ ( 
#. Since #[o,l]xN - (#[o,i]) N under (jt(Zn [0, 1] x {n}))„ eN we can define U em -- 



I1® N . This product measure is stationary and factorizing since W e ll is so. On the other 
side, by the law of large numbers, for any Borel set Y C [0, 1] with £(Y) > we obtain 
/j({Z:Zf](Y xN) =0}) =0 since n e ({Z:Zf]Y = 0}) = e^ y ) < 1. 

From now on, we will convert notations from the interval [0, 1] to the circle T viewed as 
[0, 1) with the topology derived from the map 1 1— > e 2m? G C. This conversion is possible 



as the above corollary, |(i)] shows that for any quasistationary quasifactorizing measure p 
its image under Z i— > Zfl [0, 1) CT contains all information about Z and yields almost 
surely a closed set. The canonical structure of T as a topological group (with respect to 
addition modulo 1) yields for p-a.a. Z that Z + t = {z + t : z E Z} which is the canonical 
notation. This change is done for convenience only, all our results stated for [0, 1] have a 
counterpart on T and vice versa. 

Corollary 4.3 Let M be a stationary factorizing measure type on $j different from 
{ 8tt }. Then the product system T, = £ has at least one unit, corresponding to 

(«,)„ = A/({0}n 1/2 X{0}, (* e [0, e 51%). 

77ze product system T, ^generated by all units ofT, 94 is given by 

<E?= {yGL 2 (5Vf , r ) :X {Z:#z=aa} ^ = Oforallpepoj}, (t GR+). 

Moreover, 5Vf E '" = fW anJ 5Vf E '^= fAf o/ _1 , denoting I the map Z^Z. Conse- 
quently, for the type ofT, there are the following possibilities: 



Io 


if M = {o<d} 


II 


ifM = {p:p~n e } 


II 


ifM -a.s. Z = Z and M ^ { 8© } 


III 


otherwise 



f 

The symbol $ K denotes the set of finite sets: 

$ f K = {ZCK:#Z <<*>}. 

Proof: Clearly, 



(4.3) 



WV+r({0})X{0}(Z(V+ ? ) 



Ww ({ })X{©} (Zo,,)X{0} (Z Sr 



s+t) 



/WW) 



Mv(W)iWW) 



mAi })%{0} ( z o,^) vTV+f ( { })X{0> % 



-s.s+t) 



= v s , t JvoA{®})im®y^s+t({®})X{®}(z) 



This shows that u factorizes. Clearly, the map 1 1— > ^o,?({0}) is decreasing and therefore 
measurable. Since is measurable too, u is a unit of £ ^ . 

For the second part, we see that (« f ,\|/) =/j 1 ^ 2 (0)^(0) such that (Pr l<f \)/) iU = \|/ /i (0)X{0}- 
Fix < s < f < 1, a measure /j G !W with = //o,* * Ms,* * Mt,i an d ¥ e L 2 (no :S ), V e 
L 2 (/j s j-s), \\f" E L 2 (p t ,i -t). We define tfr e L 2 (M ) by 

xj/^Z) = y(Z ,,)V (Z.s V -*)• 

Then 

(P?^(Z) = ^(Z , s )Pr {ut}w _y(Z s , t - S )V f (Z t ^t) 
= V|/(Zo,,)\|/(0)x {0} (Z v -^V'C^i -o 
= \|/(Z ,,)V(Z,, f -s)x { 0}(Z M -*)\|/ / (Z t)1 -o 

This shows that P" t is multiplication by %{Z:Zn[s,t}=®y By normality, /p«(/) is multipli- 
cation by / for all / G L°°(fW" ) what implies fW E '" = M . The relation M^^= fAf o 
follows from Proposition l3.9l This implies also Pf t = 7p» (%{Z:#(znM )<°°| ) ■ 

For a stationary factorizing measure type M on 3r Proposition 14.41 shows that the 
restriction of M to $j is equivalent either to TIq or fl^. This implies either £ £ ^ 8b ^ = 
T({0}) or £^= £{<" : <"~ n f} = r(C) respectively. If £ = £^, this amounts to the types 
Io and Ii respectively. Otherwise, £ has type Ho or Hi. From Proposition 13 .91 we derive 
that M \$j ~ 8© is equivalent to Z = Z M -a.s. This completes the proof. I 

Note 4.3 Similarly to M = { 80 }, M = { 8j } yields a type Io product system. 

Note 4.4 Similarly, one gets a type II product system for compact L, but then there are more 
choices for the numerical index of l E* c , see proposition 14- 151 and example |4~71 

If L is not compact things are much more complicated since |(ii)| from Corollary 14.21 is not 
valid, see Example 14. II Therefore even type III product system could arise, although we have no 
example for that behaviour. The measure type of the Poisson process in example |4~T1 yields a type 
loo product system and alteration of finitely many factors yields type II. Whether or not type III 
is possible should be first discussed in the context of infinite tensor products of product systems 
Bhat (personal communication). 

We want to underline the complex structure of type II product systems by several exam- 
ples, following some ideas of TsiRELSON ll65l . 



4.2 Example 1: Finite Random Sets 

First we look at product systems £ for which the measure type M 7 is concentrated on 
finite sets $j (defined like in |(4.3) I. The main examples are Poisson processes n v defined 
in |(3~20l 

Proposition 4.4 Suppose p. is a quasistationary quasifactorizing probability measure on 
T with m(5t) = 1- Then either jj ~ Hi or fj = 8©. 



St — f 

Proof: Consider the sets , C for < s = sq < s\ < ■ ■ ■ < s^ < 5^+1 = t < 1 

given by 

Y?t H| = {Z : #(Zn [sus i+1 ]) < IVi = 0, ...,*} . 

Especially, Y^' = {Z : #(Zfl [s,f]) < 1 }. Then it is easy to see that 



5<E ^(0,l) 



since for any finite set with at least two elements the is a positive minimal distance be- 
tween each pair of such elements. Therefore it is sufficient to fix the equivalence class of 
all ^|y 5 0,1 . Further, by |(3.17)| we derive 

w Y {s u ~*} ~ v°' Si * Psi ' S2 * ' ' ' *Vs k ,i\Y { ; h ^ Sk} = \y 9 ' 1 *^ SUS2 \y & 1 ' 2 *-- |y *> 

Thus we need to determine the equivalence classes of /j SuS2 \Yq 1,S2 only. By |(3.17)"1 it is 
enough to do this for p\y2' 1 . From assumption we know ^({T}) = and Corollary 14.21 
shows fx({ }) > 0. Thus we need to determine /j\ { Z : #Z = 1 } only. Especially, we have 
to show that p\ {Z : #Z = 1 } ~ II* | {Z : #Z = 1 } or p\ {Z : #Z = 1 } = 0. 

We can identify {Z : #Z = 1 } as Borel subset of $j with T via 1 1— ► {? }. Correspond- 
ingly, there exists a Borel measure // on T such that f/(Z') = fj({Z : Z C Z' ,#Z = 1 }). 
But 1(3.18) shows that /j is quasiinvariant under the shift on T. Since {Z : #Z = 1 } is 
invariant under this shift, // is equivalent to the shift invariant measure Jj£(dt)(f/ + t). 
The latter must be a multiple of Lebesgue measure on T. Thus either pj = or // ~ £ and 
the proof is complete. I 

The proof of the following proposition is formulated and proved in a more general form 
in section l6"2l Corollary 16 .41 



Proposition 4.5 Suppose £ is a product system with a unit (u t ) t >o for which the measure 
type M E ' u from Proposition ^. 6\ is concentrated on Then £ is an exponential product 
system -T(^C). 

We want to show here, that the key point of the new type of examples from ll65ll is the 
switch from independence to quasifactorisation in equation |(3.17)| A similar result is 
given by [66, Lemma 5.6]. 

Proposition 4.6 Suppose p. is a quasistationary probability measure on $j with 

Pn =Mr,s*Vs,t, ((r,s),(s,t)Elo t i). (4.4) 
Then p is a Poisson process or 8-. 

Proof: According to Corollary 14.21 we need to consider only the case /j({0}) > 0. De- 
fine the functional Q(s, t) =p({Z:Zn[^,r] =0}) =//({Z : Zn (s,t) =0}). Then Q is 
continuous and fulfils 

Q(r,t) = Q(r,s)Q(s,t), ((r,s),(s,t) e 7 ,i). 

Further, p({ 0}) > and |(4.4)| imply Q(s, t) 7^ for all s^t. Thus, — In Q is nonnegative, 
additive and continuous. Consequently, there is a (diffuse) measure v on [0, 1] such that 
v((0,*)) = - In 2(0,0, or Q(s,t) = e~ v ^\ By |(44)l we see that ,u({Z:ZnG = 0}) = 
e -v(G) = n v ({Z : Zn G = 0}) for all open G C T. The Choquet theorem JH Theorem 
2-2-1] implies that p = n v . I 



4.3 Example 2: Countable Random Sets 



Now we want to look at stationary factorizing measure types on $j being concentrated on 
special countable closed sets. This study advances from the construction in ll65l section 
5] which used the jump times of a continuous time Markov process on a discrete set. 
Since the process was regular, the jump times formed a countable (closed) set. Recall 
that Z is the set of limit points of Z. The following result can be derived from standard 
set theory. 

Lemma 4.7 Let Zbe a countable closed set. Then the sequence (Z n ) eN defined through 
Zo = Z, Z n+ i = Z n , n > 1 is strictly decreasing unless Z n = %for some n G N. 

Proof: Suppose Z! = Z', i.e. Z' is a perfect set. It follows from [29, Theorem 6.65] that 
Z' is uncountable or empty. Since Z is countable all Z n are and the assertion is proven. I 

Thus N(Z) = inf { n G N : Z„ = } may serve as a degree of complexity of Z. But, observe 
firstly that N(Z) = °° is possible. Further, if Z is random and almost surely countable, 
N(Z) need not be uniformly bounded over all realisations. Example l4.8l provides some 
illustrations of such situations. 

We restrict our attention here to the simplest case to show that there is a huge set of 
tractable examples. Assume that /u is concentrated on the set of all Z which fulfil 

(CI) Z (may be, it is empty) such that Z = and 

(C2) for all t G [0, 1) there is some e(t) > such that (t,t + e(t)]nZ= 0, i.e. Z has no 
limit point from the right. 

If Z G 5t> Z 7^ 0, obeys these two conditions, we can construct a sequence (A n ) neN = 
(X n (Z)) neN C [0, 1] in the following way. LetZn [0,minZ] ={£„ :n GN} where (^«)„ eN 
is strictly increasing. Then set 

minZ-^o 

A o = . ^ 

minZ 

and 

K+iZn + (1 -A, n+ i)minZ = t, n+1 , (n G N), 
i.e. K + i = mmi f V • 

T minZ— q„ 

Now consider for a probability measure von [0, 1] N the following three conditions. 

(Fl) For all k G N the distribution of (Ao, . . . ,A.fc) under v is equivalent to Lebesgue 
measure on [0, l] k+l . 

(F2) The law of the sequence (A, 3+ i)„ eN under v is equivalent to V. 

(F3) Almost surely under v, the relation YlneN A„ = is valid. 

Proposition 4.8 Let p and be two quasistationary quasifactorizing measures on $jfor 
which almost all Z G $j fulfil \(C\)\ and \(C2)\ and Z ^ occurs with positive probability. 
Then /j and // are equivalent iff the laws ofX= (A w ) weN , conditional on Z 7^ 0, under ju 
and // are equivalent. 

Moreover, for a measure type 2\£ on [0, 1] N there is a quasistationary quasifactorizing 
measure on §t with realisations obeying ^C 1 )\ and [(C2)\ almost surely and /j(Z 7^ 0) > 
such that the distribution of (A„) neN , conditional on Z 7^ 0, belongs to 3\£ iff ^K. fulfils 

I(fTMf3)1 



Proof: Equation |(3. 17)| implies like in the proof of Proposition l4.4l that it is enough to fix 
the measure types of the law of Z conditional on #Z = and conditional on #Z = 1 . From 
the same proposition it follows that the former is the measure type of a Poisson process, 
since #Z = is the same as Z 6 Similar arguments show for conditioning on #Z = 1 
that it is sufficient to fix (the equivalence class of) the law of Z conditional on #Z = 1 and 
maxZ = maxZ. By quasistationarity the equivalence class of this law is fully determined 
by the distribution of A = (A„) neN , conditional on Z ^ and vice versa. 

Moreover, there is almost surely some rational t > such that Zqj = Z PI [0, t] is 
finite. Again |(3~17)|and Proposition l4.4l implv that the law of Zq t , conditional on a fixed 



t, belongs to the measure type of a Poisson process with intensity measure £(■ n [0,?]). 
Conditioning on the numbers of points in [0,k] we find that the law of (^o, ■■■^k) ls 
equivalent to Lebesgue measure on the set < < ■ ■ ■ < ^ < t. Since minZ has also 
a law equivalent to Lebesgue measure, conditional on #Z n [0, t] < °°, we obtain that 
the law of (Ao, .. . ,Afc) is equivalent to Lebesgue measure on [0, 1]^ +1 , what is condition 
|(F1)| Observe that for any t e T the laws of Z fj i conditional on Zo )? = and #Zo, f = 1 are 
equivalent. But, the latter impose the shift by one in the sequence (A„) neN with regard to 
the former. This shows (F2)| |(F3)| follows from \ n >minZ. 



Sufficiency follows from Corollary 14.171 similar to the proof of Theorem |3J We 
may choose Q S)t as the law of UneN { s + • • • A« (t — s) } U { t } under some law from 5\£ 
for (A, n ) neN and Q% as Poisson process. Then |(F1 J| establishes |(Q4)[ |(F2)| forces |(Q2)[ 



both together yield |(Q3)| whereas |(Q 1 )| is fulfilled by construction. |(F3)| proves that the 
realisations have really limits in the predefined points of Z. This completes the proof. I 

Corollary 4.9 The set of different stationary factorizing measure types on $j concen- 
trated on countable sets has the cardinality of the continuum. 

Proof: For any a > set A," = U®, where (U n ) ne ^ is i.i.d. uniformly distributed in [0, 1]. 
Clearly, the distribution of X a fulfils (Fl)| and |(F2) From the law of large numbers for 



(lnA^) neN we derive |(F3)1 Since the distributions of A" and A^ are different for a ^ p\ 
the laws of A a and A^ are singular, what can again be seen from the law of large numbers. 

On the other side, $r is a Polish space, so the set of all probability measures on it has 
at most the cardinality of the continuum. This completes the proof. I 



4.4 Example 3: Random Cantor Sets 

Here we want to deal with stationary factorizing measure types M which are such that 
T, M has type Ho- Corollary 14 . 31 and Proposition l3.9l show that this happens if and only if 
Z — Z almost surely and Z ^ with positive probability. We construct for such nonempty 
Z random numbers (A^ ;)o<j'<2'-l c [0, 1], (A- 7 -)o</<2''-i C [0,1] in the following way: 

Set xq.q = minZ, yo.o = maxZ and choose zo,o uniformly in [xo,yo]- Then we set 
■*i,o=*o,o» yi,o = max(Zn[xo, zq]) andjc u =min(Zn[z , yo}) andji,i =y ,o- Weproceed 
by choosing all zu independent and uniformly in [xu,yu] and setting 

x i+\.2j = x iJ 

yi+lfij = maxZH [xij,Zij] 
Xi+i,2j+i = rmnZn [zij,yi,j] 

yi+iM+i = ytj 



Now, set A,(, )0 =xo,o, ^0,0 = (1 ~:yo,o)/(l -xo,o). 



yi+l,2j+\-Xj+\,2j+l 

yij-zij 
Observe 

2'-l 
ieN ;'=0 

Note 4.5 Equation |(4.5)| shows that every nonempty realisation is the limit of iterating the pro- 
cedure of dividing every existing interval into two new ones by discarding an interval inside the 
old one. This procedure is the same as for the construction of the standard Cantor set in [0, 1], 
except of using random numbers X\ • , A| ■ instead of the fixed 1/3 and 2/3 for the standard Cantor 
dust. This analogy motivated the title of this section. 

Example 4.2 Let M be constructed from the set of zeros of Brownian motion. Consider 
the set of zeros of a Brownian motion (B t ) t >o in E with the law J£{Bq) of the starting 
point being equivalent to Lebesgue measure, i.e. Z = {t G [0, 1] : B t — } and /u — J2? (Z) . 
It is well-known [44 J that Z is almost surely an uncountable closed set with no isolated 
point if B t starts in 0. I.e., conditional on Z 7^ 0, Z is a perfect set. In ll6*51 section 
2] there was proven that the law of Z a = {t 6 [0, 1] : B t = a} is quasistationary and 
quasifactorizing for any Brownian motion starting in and a 7^ 0. But it is clear that the 
lawsSf(Z) andJ??(Z a ) are equivalent. We prefer the former way to describe this measure 
type. 

Since the distribution of the hitting time T a = min { s : B x s = a } is for allx^O equiv- 
alent to Lebesgue measure on K + 11551 . we see from the independence of increments that 
the distribution of (xo,o,vo,o) is equivalent to Lebesgue measure i®i restricted to 
Conditionally onZ^ft and (*o,o, yo,o)> Z is the set of zeros of a Brownian bridge starting 
at at time *o,o and ending in at time yo,o- Similar arguments apply to the following 
steps, we don 't go into the messy details here. 

Proposition 4.10 The joint distribution of the sequences V characterizes M . This 
joint law is locally absolutely continuous with respect to Lebesgue measure £ on [0, 1] 
and /a and // are equivalent iff these laws are equivalent. 

Proof: The proof is similar of the case of countable sets, but we use another construction 
of a finite set. 

First observe that if we had chosen instead of another point in T a similar con- 
struction would have produced other random variables (k l , V) with, by quasistationarity, 
equivalent law. Thus we could choose this point uniformly on T. 

We enumerate the points Xij.yij in a distinct manner, say t 2 k +2 i = Xk,2i+\ an d ^+2/+i = 
yk,2i for 1 = 0,... ,2^ _1 — 1. Choose independently a random variable ^ geometrically 

distributed with mean 1 and define Z' = U/Li {^'}- Clearly, the correspondence Z^-Z! 
defines a stochastic kernel q on $j which, extended by g(0, •) = 80, fulfils |(i)1 and |(ii)| 
Proposition 14. 1 61 shows that the measure type M oq is again stationary and factorizing. 
By Proposition l4.41 it is the measure type of the Poisson process. Thus the law of (ff)ieN 
is locally absolutely continuous with respect to Lebesgue measure restricted to a certain 
simplex. Now the construction implies that {X\ y -, ^y)o<K£,o<y'<2''-i nas a strictly positive 
density with respect to Lebesgue measure on [o,if +2 - 2 .l 



Note 4.6 Similar to the case of countable closed sets one can characterize the possible laws of 
(X l ,X r ) completely. By these means one can show that the set of different stationary factorizing 
measure types concentrated on perfect sets has the cardinality of the continuum. We do not pursue 
these ideas here since [ 65 , section 4] and [ 66 1 already established the latter result. 

4.5 Tensor Products (II) 

In this section, we want to analyse the question whether tensor products of product sys- 
tems can yield new measure types M E & 

Proposition 4.11 Let 94 be a stationary factorizing measure type on $j with 

ZinZ 2 = 0, {94 ®94 -a.a. (Zi,Z 2 )). (4.6) 

Then 94 * 94 =94. . 

Proof: Fix any /j 6 94 and suppose fj(Y) > 0. Then 

fJ*fj(Y) =V®K{ (ZhZl) ■ Zi UZ 2 E Y }) >//<8>/i({ (Zi,0) : Z x e Y }) =fi(Y)fi({d}) > 0. 
Thus /j <^ 

Now assume fi(Y) = for some Borel set Y C We introduce the Borel sets 

Y n C #[0,1] X ^[o^j, 

y„=|(Z 1 ,Z 2 ):Z 1 n[^,A]=0orZ 2 n[^-,^]=0foralll<^<2' 1 }. 

Clearly, \J ne ^Y n = { (Zi,Z 2 ) : Z\ flZ 2 = 0} and this set has, due to our assumption, full 
measure with respect to /u®/u. For two disjoint sets Si,S 2 C { 1, . . . ,2" } of indeces define 

Y s n uS2 = | (Zi,Z 2 ) : for all i = 1,2 and k E { 1, . . . ,2"} \S t Z ; n[^, A] = J . 

Obviously, 

Yn= [J ^A> (" GN )- 

5 1 ,5 2 c{l,...,2»},SinS2=0,5iU5 2 ={l,...,2"} 

Fix n e N, the measures = ut-\ t and appropriate Si , 5 2 C { 1 , . . . , 2" }. We find 

* wt® * w ({(Zi,z 2 ):Z 1 uz 2 g y,(Zi,Z2)ey 5 " l52 }) 

1<£<2" l</<2" 

= * * w({(Zi,z 2 ):Z 1 uz 2 ey}) n wt({0}) n w(W) 
= * w (y) * w ({0}). 

1<£<2" l</<2" 

From n ~ *i<^< 2 « ^ we derive (Zi,Z 2 ) : Zi UZ 2 G y, (Zi,Z 2 ) e y£ A }) = 

and therefore /u*/u(Y) =0. The proof is complete. I 

Note 4.7 We conjecture that the above result is true regardless of |(4.6)| 



Note 4.8 In contrast to product systems of Hilbert spaces a general tensor product construction 
for product systems of Hilbert modules still it not known to exist. An analogue of the procedure 
to alternate local products of the measures to get their convolution, was used by Skeide [59] 
to construct such a tensor product at least for product systems of Hilbert modules with a so- 
called central unit. There the empty set is replaced by a projection onto a so-called central unit. 
Unfortunately, his construction does not necessarily yield the tensor product of £ M and £ M if 
|(4.6)| is not satisfies, see the forthcoming 1131 . This is another reason for looking for techniques 
to decide whether |(4. 6)| happens or not. 



Note 4.9 Concerning (4.6)| there is a general theorem by Kahane ll30l . which states that 



dim^r (Zi n (Z 2 + r) ) > dimjf Z { + dimjr Z 2 - 1 - £ (4.7) 

for all £ > for a set of r G M of positive Lebesgue measure, denoting dirn^Z the Hausdorff 
dimension of Z defined as follows. The Hausdorff measure of a Borel set F with respect to a 
function h : M + i — ► M + is defined as 

J^ h {F) = sup J% h (F), (4.8) 
e>0 

where 

Jtg(F) = inf J £ h(d{Bi)) : (2? f ) /eN are balls with d ( B i) < e and |J B ; F I , (4.9) 

I ieN ieN ) 

denoting d{B) the diameter of B. Then the Hausdorff dimension dim.^ F of a Borel set F is 
defined by 

dim.jjf F = inf | a > : je ha (F) > for fc a (e) = £ a } . 

By quasistationarity we derive /u(^ili({ (Z\,Z?) : Z\ nZ2 ^ 0}) > if dim.^Z > 1/2 for a set 
of Z with positive /^-measure. Consequently, random closed sets with high Hausdorff dimension 
will not obey |(4. 6) 



Example 4.3 We continue Example \4.2l denote Z = {t 6 [0, 1] : B t — } the set of zeros 
of a Brownian motion (B t ) t >o in R with ^f(Bo) ~ £. Then we see for an independent 

copy 7! ofZ thatZHZ' is the distribution of e [0, 1] : 5 ? (2) = j, where (5 f (2) ) f > 

is a Brownian motion in M? with the initial law ^(B ) being equivalent to Lebesgue 

measure £ 2 . But, 1 1 G [0, 1] : 5^ = j is almost surely void conditional on the fact 

that the Brownian motion does not start in (0,0) ll44l . Since the latter happens almost 
surely, we find /j ~ /u in this case. The above formula |(4.7)| does not allow the same 



conclusion since dim^ Z = 1/2 forp-a.a. nonempty Z in this case |44|. 

Example 4.4 Following \ 63 , Section 4] , suppose /j§ is the distribution of the set of zeros 
of a Bessel process with parameter 8 £ (0,2). This random set is constructed for this 
Bessel process in the same scheme which was used for Brownian motion in Example \4.2l 
It is well-known that dim^f (Z) = 1—8/2 almost surely conditional on Z 7^ l63lfT8ll . 
From Note \4.9\ we derive that for 8 < 1 the relation |(4.6) is not almost surely valid. 



Nevertheless, it is not clear whether p ~ p * /j is true or not in this case. Since almost 
surely Z = Z, this would be implied by £ ^ ^E^tgiE^. 



Example 4.5 We can also consider the measure F\ introduced in |(1.2)| Since F\ is a 
multiple of the Poisson process Tl?, Corollarv \4.2l^\ implies F\ ®F\{{ (Zi,Z2) : Z\ flZ 2 ^ 
0}) =0. Consequently, we derive F\*F\ ~ F\. On the other side, one can compute 
directly 

j Fi(dZ) J F 1 (6Zf)f(ZU2f) = J F X {&Z")2* Z " f{Z"). 
This is a direct conclusion of the ^ lemma, see ll2l)llT7l . 

/ Fi (dZ) I F\ (dZ')/(Z, Z') = [f 1 (dZ") £ f(Z, Z') . (4. 10) 

J •> J zuz'=z",znz'=<t) 

That lemma can serve as one basis of quantum stochastic calculus on the symmetric Fock 

space, i.e. exponential product systems, of. Q. Since we obtain a simitar $> mma /or 

quasistationary quasifactorizing measures /u (at least if /j * /j ~ /u) below, we expect a 
calculus on the product systems £ M too. 

Corollary 4.12 For all quasistationary quasifactorizing measures /U there is a unique 
(upto ^-equivalence ) stochastic kernel q^ from $j to £t x 3t with q^{Z" ', { (Z,Z ; ) : ZU 
Z' = Z" }) = 1 for all Z" G 3r sucn that for all positive measurable functions f : $j x 
iV - 1 — > R, g : 5t 1 — > K 

I /i(dz) I ^dzf)f(z,zf)g(zuzf) = I W (dZ")g(Z") / ^(Z",d(Z,Z'))/(Z,Z'). 

(4.11) 

Proof: Since 5r is a Polish space, we can disintegrate the measure jj.® fj. conditional on 
ZUZ' ll42ll . Since ZUZ' has distribution the disintegrating kernel fulfils |(4~1 1) 



By construction it satisfies the support condition /j*^-a.s. It is a standard procedure now 
to construct a version of this disintegrating kernel which fulfils the support condition 
everywhere. I 



Example 4.6 We consider the Poisson process Tip = e ^i. From the ^-Jemma |(4.10) 
we find 

n*(dZi) J u £ (dz 2 )g(z l uz 2 )f(z h Z2) 

Fi(dZi) | F 1 {dZ 2 )g(Z 1 UZ 2 )f{Z 1 ,Z 1 ) 

fF x {dZ)g{Z) £ /(Zi,Z 2 ) 
^ ZiUZ 2 =z,Zinz 2 =0 

e- 2 / Fi * J F 1 (dZ)^(Z)2- #z £ /(Zi,Z 2 ) 
^ Ziuz 2 =z,z 1 nz 2 =0 

[u e *u e (dz)g(z)2- #z £ /(z b z 2 ) 



.-2 



= e- 2 



ZiUZ 2 =z,Zinz 2 = 



This shows that q e (Z, ■ ) is the uniform distribution on the finite set 

{(Zi,Z 2 ) :Z 1 UZ 2 = Z,ZinZ 2 = 0}. 



It is easy to see that this distribution corresponds exactly to the random mechanism where 
each point in Z chooses independently from all other points whether to belong to the set 
Z\ or Z2 with probability 1/2. It was proven in ll24l that this kernel q Ue characterizes Hi 
among all probability measures on We want to remark that {/u : /u ~ Hi } is the only 
stationary factorizing measure type with q^ being concentrated on a discrete set. This 
shows that the kernel q Ue characterizes Hi even among all probability measures on 



Corollary 4.13 ^[implies 0^ ^ and M ^ = M^^\ 



Note 4.10 This result is a simple proof of the fact that the measure types 94. E '^and 94 E '" do not 
characterize a type II product system completely. Another indication is given in Proposition 16.71 
below. That result shows that it is even not enough to consider the measure types of all product 
subsystems, how described in Theorem|5] 

We want to mention the following simple description for tensor products of the special 
product systems £ M . 

Proposition 4.14 Suppose M and M 1 are stationary factorizing measure types on JtxL 
and J\~ . 1: respectively. Define the measure type M ®M' on $j x (lul') = 3txL x 3txL' 
by 

M <S> M ' = {p: p ~ p® p for one and thus all p G M ,p' G M ' } . 
Then <E M ®£^' = <e u ® u .1 

At the end of this section, we want show by a simple example that the role of tensor prod- 
uct is, besides additivity relations for the numerical index and the measure type M E >^ a 
restricted one if one is concerned with the structure of the category of product systems. 
Recall that a product system £ is of type 11^ or 1^ if £ f/ = T(C k ) (set C°° = I 2 ) and 
£ 7^ £^or £ = £ ^respectively. Before the work of TsiRELSON there was hope that 
any type 11^ product system is isomorphic to some tensor product f ® r(C k ) where J is 
type Ho [48 1 . We show now for the type II 1 product systems studied in section 1431 that 
this is not true. 

Proposition 4.15 Let M be a stationary factorizing measure type on fij with realisa- 
tions which are countable sets but Z $ $t with positive probability. Then £ = <E M is a 
type Hi product system which is not isomorphic to some 7 ® -T(C), where £ is any (type 
IIq) product system. It is even not isomorphic to any nontrivial tensor product £ <g> £, 

£^r({0})^£. 



Proof: The statement about the type was contained in Corollary 14 .31 

Assume £ = £ <g> £ with nontrivial £ , £ and let u be the unit in £ corresponding 
to %{0}. From Corollary 15.31 we obtain u = v <8> v for units v G £ , v G £ . Since M = 

M E > u = m 7 > v * gvt 7 ' v is concentrated on at most countable sets, both M 7 ,v and M F > v 
are so. At least one of them must have nonfinite realisations, say M yr ' v . Then we see 
analogous to Corollary 14.31 that £ is of type Hi. By additivity of the numerical index, 
£ must be either type Ho or Io- The former is not possible since by Corollary 14.31 F,v 
would have uncountable realisations. This shows that £ is trivial and that £ can be only 
a trivial tensor product of product systems. I 

Note 4.11 There exist similar examples for product systems of type 11^, k G N, k > 2, derived 
from measure types on 3rx{i,. ..,£}■ 

Summarisingly, tensor product do not impose enough structure on the set of product 
systems (apart from the type I ones). As a consequence, we consider other procedures in 
the next section and in section E21 



4.6 The map £ i— ► M E '^is surjective 

Which stationary factorizing measure types may arise in the two ways considered in 
Section |3]? For M Corollary 14.31 shows that the answer is all but {8t}. It is a bit 
surprising that the same is true (without the exception) for the measure type M E ^. 

Theorem 3 The maps £ i— > and (£ , u) i— > M E,M are surjective onto the set of all 

stationary factorizing measure types and all stationary factorizing measure types differ- 
ent from { 8f } respectively. 

For this result we need to establish that any quasistationary quasifactorizing random set 
on T is the law of the set of limit points of another quasistationary quasifactorizing ran- 
dom set, so the proof is given on page |35] below. This follows from the more general 
results of this section, which were already used in section l4~3l Recall for a stochastic ker- 
nel q on 3t that q(Z) is a probability measure on #T- On [0, 1) = T, we use the intervals 
(s, t) = (s, 1) U [0, t) and [s, t] = [s, 1) U [0, t) , if s > t, and extend the notations /u s ,t and Z s j 
in the obvious way. 

Proposition 4.16 Let q be a stochastic kernel from $j to $j such that 

(i) For all s,(6T there are two stochastic kernels q' st ,qt' s on $\ s a and d[t,s] respec- 
tively fulfilling q(Z) ~ q' sf {Z s j) * q" s (Zt iS ) for all Ze$r,s,tg. Z. 

(ii) q(Z + t) ~ q{Z) +t for all (GT. 

Then, for any stationary factorizing measure type M ^ { §j } on $j also M o q = { // : 
f/ ~ ^°q,/J E M } is a stationary factorizing measure type. 



Proof: Clearly, fi 6 M o q is quasistationary by |(ii)| Further, it is quasifactorizing iff 

fi~PsS*fo, (s,teT,s^t). (4.12) 
To show this, fix /u E M and s ^ t E T. If fj = equation |(4. 12) follows immediately 



from [(I)] Otherwise, 

H o q ~ (// S)f * (itj) oq~ fas * ,u M ) o (q' st * ^) = f/ g f * ^ s 

for two measures // and //' since s,t fiZ /u-a.s. We derive from this that (juoq) s t ~ ? 
and (/joq) t s ~ ^ what implies |(4.12)[ I 



Now we develop a procedure to fill the (many) holes of a typical quasistationary quasi- 
factorizing random set (different from T). 

Corollary 4.17 Suppose that there are given a quasistationary quasifactorizing measure 
Q% and a family (Q s ,t) s ,teJ where Q s j is a measure probability on $[ s j] which fulfil 

(Ql) Qs+a+r = Qs.t + rfor all s,t 6 T, r E T, 

(Q2) (Q r ,t)r,s ~ (Qr/)r,s and (Q r , t ) s ,t ~ {Qt> ,t) s,t far all r, r', s, t,t'e%sE (r, t) n (r, t') n 

(rV)n(r'A 

(Q3) ~ (Gr^)r,* * (Qr,t)s,tfar all r,t ET, s E (r, f), and 
(Q4) (Q n t)s,si ~ (Q@) s , s >farallr,s,s',t E T, [V] C (r,f). 



Define the stochastic kernel q by 



q f Z \ _ / 5 Z* * (a fi)CZt, maximal Qa.fi ¥ Z 7^ ® ^ ^ 

\ <2o otherwise 

where the convolution is taken over the family of maximal open subintervals ofZ . 

Then for all stationary factorizing measure types M on $j the measure type M oq is 
again stationary and factorizing. 

Proof: If M = { Sf } the statement is clearly fulfilled. So let us assume M ^ { bj }. 

First we show that the infinite convolution leads to a closed set. Take t G (Z') C if Z' is 
the sample from g(Z)for fixed Z. Then t G Z c , i.e. t G (a, (3) for some maximal a, p\ Thus 
t is in the complement of the random closed set Z a p = (Z ; fl (a, (3)) U { a, [3 }, generated 
according to <2a,p- Since all other sets Z a i do not meet the open interval (a, (3), there 

is an open neighbourhood of t not only in (Z a p) C but in (Z') C too. This shows that Z' is 
closed. 

Now quasifactorisation of Q® implies (I) for Z = 0, whereas (Q2) and (Q3)| provide 



that condition in the case where neither Z s>t nor Z tjS is empty. |(Q4) covers the situation 



where exactly one of these two sets is empty. Clearly, |(Q 1 )| implies |(ii)| and the proof is 
over. I 

Proof of 'Theorem^ Clearly, for a unit we have never P" t = for some < s < t < 1. 
This shows in comparison with example 13.61 that is not possible for For 

each stationary factorizing measure type M ^ { 8j } Corollary !4.3l shows that there is the 
product system T, M which has at least one unit with M £ '" = M . 

As far as iW^'^is concerned, this measure type is iff £ is of type III (see 

Example 13 .61) and there are examples for product systems of type III, e.g. in [65|. Thus 
we may assume again that M ^ { dj }. In the following we construct a stochastic kernel 

q on 5t according to Corollary 14. 1 71 such that the measure type M E * f which can be 
easily calculated using Corollary 14.31 is M . This q is universal for all M ^ { dj }. 

We construct a specific Q sj by Q S:t (Y) = Q({Z : {s+ (t — s)z : z G Z} G Y}), where 
Q is the law of { : n G N } U { ^ : n G N } U { 0, 1 } for the following random variables 

(^n)neN' (^w)neN- Choose one point ro uniformly in (0, 1) and two sequences (h l n ) neN , 
(^i)rceN uniformly distributed in [0, 1]. These sequences define via 

^0 = r Q 
fi+l = (»6N) 
55 = ^ 

two other sequences (^) neN , (5n)neN an ^ consequently Q. Clearly, |(Ql)| is fulfilled 
and |(Q3) is checked like follows. Define a new enumeration (x n ) ntE % of ^, namely x n = 



^ W if n < ' ^' ien eac ' 1 ^ n ^ te subsequence of nas a law equivalent to 

Lebesgue measure restricted to a simplex of ordered numbers. Further, the law of x is 
invariant under the shift (x n ) ne ^ i— > (^n-i)„ e pj- From this it is easy to see that (Q r ,t) r .s ~ 
jSf ({ r } U { r + (s — r)tf n : n G N }) . Conditioning on the value of max {n E Z : x n < s} 
yields |(Q3)1 Choosing Q % = U e we get |(Q4)l 



Now take any stationary factorizing measure type M and consider <e Mo i. We know 
that M £ 9 '^is the law of Z' , if Z' is distributed according to /jo q. But any limit point 
of Z' is a point of Z, since any Q s t is concentrated on sets with limit points exactly in s 
and t. Further, any point of Z is a limit point of Z or it is some a for a maximal interval 
(a, (3) C Z c . In the latter case, it is a limit point of Z' and we conclude that Z' = Z almost 
surely. Corollary 14.31 show s M £ * q ^= % anc [ the proof is complete. I 

Note 4.12 We established the product system E 5 ^ for all stationary factorizing measure types 
M on 370,1] xi- But, upto now, we could only prove that M o Z(Z) = Z, is an invariant of 
this product system if £W is a measure type on 3tq,i] (being M E One might conjecture that, 
actually, £ M is isomorphic to £ ^ ' iff the lattices 3l and $ L > are isomorphic and 5W = M ' with 
this identification. For singletons L,Z/ this is related to the question whether automorphisms of 
product systems act transitively on the set of normalized units. Unfortunately, even if the latter 
would be true in general, things are not so simple, as the following example shows. 

Example 4.7 Let Z\ , Z2, Z3 G $j be independent random sets distributed according to a 
Poisson process and define 

Z = ((Zi UZ 2 ) x { 1 }) U ((Zi UZ 3 ) x {2}) G ^ x{1)2} - 

Then tne Jaw «5f (Z) is stationary and factorizing since the distribution Jz?((Z\ x { 1 }) U 
(Z2 x {2}) U (Z3 x {3})) is (see Proposition 14. J 6D . On tfie other side, we can recover 
Z\ , Z2, Z3 from Z by 

Zi = 7i(zn(Tx {i}))n7i(zn(Tx {2})) 
z 2 = 7i(zn(Tx {i}))\Zi 

Z 3 = 7i(Zn(Tx{2}))\Zi, 

where 7T : T x { 1 , 2 } 1 — > T is the canonical projection. Thus the product systems cor- 
responding to (Z) and «5f ((Zi x { 1 }) U (Z 2 x { 2 }) U (Z3 x { 3 })) are isomorphic (to 
r(C 3 ) ), although L is { 1 , 2 } for the first and {1,2,3} for the second distribution. 

We are now in a good position to establish an example of an arbitrarily complex countable 
quasistationary quasifactorizing random set. 

Example 4.8 Define a sequence (/-/"M of quasistationary quasifactorizing measures 
on 3t by 

M (0) =5b, //(" +i )=//Wo 9! (tigN) 

where g is the stochastic kernel derived in the proof of Theorem |3l We wiii see beiow, in 
the proof of Proposition ^. Ill that 

H= £2-»-V (n) 

is a quasistationary quasifactorizing measure. It is concentrated on countable closed sets, 
since each ^ n > is so. Moreover, none of the random sets Z n defined in Lemma 14.71 is 
fi-a.s. empty. 

From /j we derive a family (Q s ,t)steT fitting into Corollary 14. 1 71 as images under 
the maps Zm { (t — s)-^2 + s '■ z <E Z} (with appropriate meaning for t < s). Q% is 
determined by this choice upto equivalence. Let Z' be a quasistationary quasifactorizing 



random set and Z be constructed from Z' by a realisation of the random transition behind 
the stochastic kernel q from |(4.l"T)l Suppose #Z' = °° with positive probability and fix 
such a realisation. Then, by the law of large numbers, for all z G Z', n G N the set Z n 
in Lemma PT7I contains a strictly increasing sequence converging towards z. This shows 
Z' C Z n for all bgN. 

Clearly, we can iterate this procedures to advance further and further in the hierarchy 
of (random) countable closed sets in T ordered by inclusion. 



5 An Hierarchy of Random Sets 

5.1 Factorizing Projections and Product Subsystems 

Almost all results presented in Section |3] depended only on the existence of adapted 
projections {Ps,t)(s,t)ei \ fulfilling |(3 . 1 0)| and |(3 . 1 1 )| Existence of such projections is 
stable under tensor products: E.g., if £ has a unit but f has none (i.e., it is of type III) 
then (Pf,^® Ijj ) ( s ,t)eio i 3X0 projections on Ei <g> f \ fitting into Theorem[H But, £ (g> J is 
of type III, see Corollary 15 .4l below. Thus the above developed technique has applications 
even to product systems of type III. From an abstract point of view, the crucial notion is 
that of a product subsystem. Therefore, we will analyse in this section the whole set 
y('E) = { J : if is a subsystem of £ } which is invariant under isomorphisms. 

Note 5.1 ^(e) is never void, since it contains both J = £ and £ , J, = {0} C E ( . 
For a product subsystem f we define projections (Pg,t) (s,t)elo i c ® ( £ i)> 

Pjf =PT£ s ®iF»- s ®El- r = lE,® Pr ^®lEl- f : (MG/ j). (5.1) 



Proposition 5.1 5?{fE) is under the map J i— > (Pf,t) (s,t)ei \ in one-to-one correspon- 
dencewith the set of families (Py,f)(s,/)e/oi c of adapted projections fulfilling both 

(330)| anJ |(3~TT)l 



WzY/z f/iis identification, the product subsystems (Cu t ) t >o generated by units (u t )t>o 
correspond one-to-one to families (P s ,t)(s,t)elo 1 / or which Poj is a one-dimensional pro- 
jection. 

Proof: Clearly, to a projection family (P s ,t)( s ,t)ei j there correspond subspaces £/ f C <E\. 
Since P v G there is some j' s ' t C £ f _ 5 such that £/ f = <E S <g> 7" t <S> <E\- t . |(3~TO)| implies 
!F" s ® = 7" t and |(3. 11)"| shows that j' s ' t = T§ t _ s . The reverse conclusion is obvious. 



For the proof of the second assertion fix vectors (v t ) te [ ^ with Pqj = Pr V( <g> l El _ r 
Since 1 1— > Po, f is continuous by Proposition l3.4l we could choose (vt)t e\o,i} as measurable 
section. Equation |(3.1 1) shows P s t = l Ej ® Pr v , s ® for all 5 < f . |(3.10)| implies that 



for s,t > 0, s + z 1 < 1 there are complex numbers c(s,f) G T such that v s+t = c(s 1 t)v s 0v t . 
An elementary calculation gives 

c(s + t,r)c(s,t) = c(s,t + r)c(t,r), (s,t,r>0,s + t + r< 1). 

By Corollary 17 .61 there are numbers (zt) t e[o,i] sucn tnat C ( S J) = Z s Zt/z s +t for all s,? > 0, 
5 + 1 < 1 . Thus = zt Vf fulfils = m s ® w f for all s, t > 0, s + 1 < 1 and this relation 
extends trivially to all s,t G M+. Applying 0, we can choose (zf)re[o,i] and thus (w f ) f >o 
measurably. This means that the latter is a unit and the proof is complete. I 



Corollary 5.2 For any section (u t ) t >o through a product system £ = (£*)r>o with u tQ ^ 
for some to > and (3.2) there are a unit v G ^(e) and complex numbers (c t )t>o C C 



WZf/z C$+ f = C s C t , S : t G 1R+, ?/W 

u t =c t vt, (teR+). 

Proof: Define the family (Pst)(s,t)el 1 exactly like for a unit. Clearly, this family fulfils 
|(3 .10)1 and (3.11)| too. Now the above proposition determines a unit v G ^(e) such that 



P"j = P£ f . This shows Cw ? = Cv f and the proof is complete. I 

In this circle of problems, we want to mention the following result proved in (51 Corollary 
3.9]. 

Corollary 5.3 //£,£' are product systems, a unitw = (w f ) f >o o/£ ® e' has necessarily 
the form w t = u t ®v t for two units u G ^(e), v G ^(e'). 

Proof: Consider the operators (PJ t )(s,t)€io i c ® ( £ 1 ® ^ e can build operators a v G 
S (£i), (5,0 G Zo,b being the partial trace of over $ (e/_ s ). I.e., G is uniquely 
determined by trb (g> IP*, = trba s j for all b G f B( t E t -s)- It follows that 

a rjt =a r>s a Sjt , ((r,s), (s,t) G 7 0) i). (5.2) 

Now we use the method of [5 , Corollary 3.9] to show that all a s . t are projections and ao,i 
is one-dimensional. Observe that the operators a Jjf are positive, trace-class and nonzero. 
Thus, denoting P' s t the eigenprojection corresponding to the largest eigenvalue of a S)t , 
we find (3.10) for the family (P£ f ) ( s ,t)€io 1 • Further, since ao,i is trace-class, Pq j is finite- 



dimensional. This means that the product subsystem related to (P' st )( s ,t)eioi consists of 
finite-dimensional Hilbert spaces. But dimP^dimP/ r = dimP^ r shows that Pq j is 1- 
dimensional. Now denote P'J t the eigenprojection of the second largest eigenvalue of a st . 
These projections fulfil 

Po,2t = PqA +PoA^ (' G [°. V2]). 
Thus dimPp 2t = 2dimPQ f or dimPp f = 2"dimPQ 2 _„ ? > 2" for all n,t. Compactness and 
positivity of ao t show that Pq' t has only one eigenvalue different from zero. Since Pq 1 
is onedimensional, in fact a S)t = P' s t . Thus a corresponds to a unit and Pqj factorizes 
to Pq 1 ® Po,i- Similar arguments show that Poj is onedimensional and w is the tensor 
product of the units corresponding to Pq l and Poj. I 

Corollary 5.4 If E , J are product systems, where £ is of type III, E <g> £ is of type III 
tool 

Note 5.2 Clearly, |(5.2)| is an extension of |(3.10)| Extending Theorem ^ one could ask, which 
(random) structures correspond to this relation. A sufficient answer is given in section IQl below. 
At the moment we just mention that there is again a probability measure behind such families 
being the distribution of a pair of a random closed set and an increment process. Unfortunately, 
the set of positive operator families (a.s.t )(s.t)ei 1 obeying |(5 .2) is not a lattice with respect to the 



natural order such that this larger (invariant) set would be much more difficult to use. 

Theorem 4 J^(£ ) is a complete lattice with respect to the inclusion relation, i.e. for any 
family (£ ! ), e / of product subsystems there are a least upper bound product subsystem 
Vi'e/ 7 ' and a greatest lower bound /\ - e/ y '. 

This lattice is an invariant of the product system. 



Proof: The fibrewise intersection of a family of product subsystems is again a product 
subsystem. Consequently, the greatest lower bound of a family of product subsystems 
corresponds to the intersection of the corresponding subspaces in <L\. Further, the set 
of all closed subspaces in Ei is a complete lattice. Thus the assertion follows from ifTTl 
Theorem 1.6] which states that any subset of a complete lattice for which any subsubset 
has a greatest lower bound is again a complete lattice (with, may be, a different least 
upper bound functional). 

Since any isomorphism of product systems maps product subsystems one-to-one into 
product subsystems, J^(e ) is clearly an invariant of £ . I 

Note 5.3 Set P l s t = i . Following the above proof, we find 

A p n,A p i, t = A p r,n (M,M e/o.0, (5.3) 

iel iel iel 

i.e. f\ ieI f ' corresponds to (A;e/Fs t)ls,tek i)- ^ n tne otn er hand, for the operators 

k=\ iel 

the strong limit s — lim iS=iSo<iSl< ... <i s JV=f P^° '"" SN = for finer and finer partitions, which exists due 
to monotony, defines the least upper bound of { P' st (s,t G Io,i)i € / }. 

Proposition 5.5 Let £ be a product system with at least one unit and E ^ ({0}) f>0 be 
a subsystem of it. Then E contains a unit too. Especially, if (u t ) t >o is a unit the section 
(Vf) t6 [o i] determined by v t (g> u\- t = Pq t u\ extends to a unit. 

Proof: Continuity of (Pft)(sj)eio i snows that (Pq f )o<f<l is a measurable family of pro- 
jections. This implies that (v t )t>o is a measurable section. From (3.10)| and |(3.11) it 
follows that v s+t = v s (g> v t for all s, t > 0, s + 1 < 1 . 

Assume v t = for some t > 0. Then v t /yi = for all n EN. This implies on £i that 

^0f/2" Wl = v t/2" ® u \-t/2» — 0- On the other side, by Proposition 13 .41 s-linv^oo P^ f , 2 „ = 
1. We derive lim n ^ooPQ f / 2 « M i = M i wn i cn is a contradiction. Thus the proof is complete. 
I 

Note 5.4 The study of families of projection with |(3.10)| and |(3.11)| and their lattice structure 
originates in work of POWERS, cf. [50 JT5| for similar results on o5^(e) stated in terms of Eq- 
semigroups and dominated eo-semigroups respectively cocycles of these semigroups. 

A complete analysis of the lattice oS^(e) for type I product systems can be found in 11131 
section 7, page 65], see also the next section. Below, we will consider several other examples, 
built as product systems £ u for stationary factorizing measure types 94. on 



5.2 Subsystems of T, M 

In the simplest case the product systems E 5 ^ are type I. The discussion of 5^{F[%y) 
is simplified by the following result on units in an arbitrary product system. We want to 
show that ^(e) carries a certain affine structure reflecting that one of the Hilbert space 
Ki if E^= r{%). So consider for two units u,u' E ^(e), X E C and t,si, . . . ,Sk E R+ 

with 5i H \- Sk = t (denote this fact by {s\, . . . ,Sk) E A t ) the vectors s . defined 

through 

»i s, = (M* + (i - *K ) ® • • • ® &u* k + (i - e £t- 



Further, we call (j^,...,^) eA, a refinement of (si,...,s k ) G A t , if there are natural 

numbers lo = 0.lu....lk = l such that , , H h s 1 , = Si + \ for i = 0, . . . , k — 1. This 

way, A f becomes a directed set. Limit procedures over this directed set we denote by 

(ji,...,jjt) ->A,. 

Proposition 5.6 //"w, a' G ^{r, ) and JieC ?/zen there is another unit vEf(£) such that 

lim vj; o=v f , (>GM + ). 

{Si,...,S k \-*A t 

Denoting the covariance function ( see \(3 .\9)\f of T, byy this unit v fulfils 
y(v,w) = Xy(u,w) + (l-X)y(u',w), (we 



Proof: First we consider 



v Sl,...,S k 



for (s\, . . . , Sk) € A t . Then 

niiK+a-^Kii 2 . 

(=i 



From equation |(3.19)| we get that ||^|| 2 = 1 + y(u',u')s + 0(s 2 ) as well as (u s ,u' s ) = 
1 +j(u' \u')s + 0(s 2 ). Throughout this proof, 0(x) denotes terms T(x) with \T(x)\ < Cx 
for a universal constant C, which depends on t, u, u' and X only. The elementary relation 
n?=i (1 + cs t + 0(5?)) = 1 + cEf =1 Si + 0((Lf =1 ^) 2 ) shows for (s h ...,s k )e A s , 



Sl,...,S k 



k 

V 

;=1 



J] (\X\ 2 (1 +y(u,u)si + 0(s 2 ))+2D\tl{l-l)(l + y( u ,u')s l + 0(s 2 )) 

+ \l-X\ 2 (l+y(u',u')s i + 0(s 2 ))) 
Y[(l + (\M 2 y(u, u) + 2mel~(l - X)y(u, u) 



k 

V 

7=1 



+ \l-X\*y(i/J))s i + 0(sf)) 



1 + (\X\ 2 y(u,u) + 2£HeX(l -X)y(u',u') + \l-X\ 2 y(u',u'))t + 0(s 2 ). 



This implies that 

2 



v Sl,...,S k 



is bounded as long as (jj, . . . , j^) G A. s , 5 < ?, and 



v. 



1 + (|X| 2 y(K,i/) +29teX(l -?i)y( a , M / ) + |1 -Xry("V)> + 0(^ 



Similarly, we obtain 



1 + (|X| 2 y( M ,m) +2^eX(l -X)y( a ,i/ / ) + 11 -^| 2 y(mV)> + 0(/). 



As a consequence we get v£ 5 — = 0(^ ). Boundedness of v£ 5 implies for 
any two partitions (ji, . . . , Sk), (s[, . . . , s'j) G A t , the latter being finer than the former, that 

k 



S\,...,Sk 



— v„ 



o(£. 



(=i 



This proves the asserted convergence. 

In a similar fashion, we derive for any unit w and (s\ , . . . , s k ) G A t , t G [0, T] 



: 1 + (Xy(u, w) + (1 - ?i)Y(i/, w))? + 0(f 2 ) 
what implies the covariance formula and completes the proof. I 



Note 5.5 ARVESON [4 Proposition 6.3] proves a similar result, showing that 



v — u t /2n u t /2n U t /2n u t /2n ' ' ■ U t/2n u t/2n fc L t 



converges weakly to another unit v with the covariance function fulfilling y(v,w) = Ay(w,w) + 
^y(u' ,w) for all units w. This defines a certain convex structure on ^(e) too. We have shown 
above quite briefly (with establishing strong convergence) that there is an affine structure on 
^(E ). This extended result could avoid much of the work in [4 Section 6] to prove that any type 
I product system is isomorphic to some r(at). We do not repeat the remaining arguments from 
there here since the same fact is derived in Corollary I6.4l bv computing direct integrals. 

Example 5.1 Let £ = -HX) be a type I product system. We know that all units u G 
ffl(r(%)) have the form u = u z > k given in |(3.4)[ Then it is easy to derive v = u 7 -'^' with 
z = l z + (l -X)zf, k" = Xk+ (1 -X)Jf. Thus, iff a subsystem of r(^), the units in 7 
correspond to a closed affine subspace of C © 9C . Consequently, J is either { } or again 
type I. Moreover, any closed affine subspace of C © can arise in this way. Thus S^{"E) 
is in one-to-one correspondence with the closed affine subspaces of C © ■ 

Now we want to analyse ^(e 9 ^ ) for a general stationary factorizing measure type M 
on 3ro,il- As a first step, the following lemma yields a vivid description. 

Lemma 5.7 Suppose that (P s ,t)( s ,t)eio i c L°°(M ) are adapted projections fulfilling \(3.\0) 



and \{3.\ 1)] Then there exists a measurable function f : 5ro,i] 1 — > #[o,i] such that P s t is 
the operator of multiplication by %{z:f(z)n{s,t]=®}(')- This function can be chosen to fulfil 
either f(Z) = [0,1] or f(Z) C Z. Further, f(Z + t)= f(Z) + 1 will be true for allteR 



for almost all Z and f(Z) s j = f(Z Stt ) for all (s, t) G h.ifor almost all Z G ff[o ; ij- 

Conversely, any such f corresponds to an adapted projection family with (3.10) and 
IOTT)l 

Proof: If M = { 8[qj] } there is nothing to prove. Thus, by Corollarv l4.21 we may assume 
that { } is an atom for tM . 

Considering pairs (s,t) G /o,i of dyadic numbers we derive random variables ^„ : 
#[0,1] 1 — {0, 1 }, n G N, £ G {0, ... ,2" — 1 }, such that ^k2- n Jk+l)2-" * s multiplication by 
tjjt and ^k,ni Z ) = Z=kA Zn [ k2 ~'\ ( k + i) 2 ""])- We derive that almost surely 

Z,2k,n+lZ,2k+l,n+l = \k,m (* 6 N, k G {0, . . . , 2" - 1 }) (5.5) 

as well as (Z + 2~ n ) = i jn (Z) . Since { } is an atom of M , we derive that 

^,„( ) = W+l( )Wl.n+lW=W+l( )^+l( - 2 " 1 ) 

= ^t,„+i (0) 2 = $2*+i,»+i ( ) 2 , (n e N, * e { 0, . . . , 2 n - 1 }) . 

This shows that there are only two cases: £jt, ra (0) = for all k, n or ^ )rt (0) = 1. 

In the former case, we obtain from |(5.5)| for almost any Z G #[o,i] sucn mat [^2~ m , (/ + 
l)2-' n ] HZ = for some l,m that £t,»(Z) = if [/2 _m , (/+ l)2 _m ] C [£2- n , (* + l)2 _n ]. 
From Corollary 14 .2l|(iii)| we know that for M -a.a. Z for any n there exists such /, m. We 
conclude that £jt.«(0) = implies ^„ = fW-a.s. and by continuity, P Jjf = 0, (.?,?) G 7o,i- 
Setting f[Z) = [0, 1] we derive the assertion. 

For the rest of the proof, we assume ^,n(0) = 1 for all k, n. We change ^ on a null set 
to obtain the above derived relations everywhere. Define / : d\o,i] 1 — > #[o,i] by 

/(z)=n u [^-",^+1)2-"] 

»eN fc=0 2"-l 

^,„(z)=o 



Clearly, n i— > (J £=o 2«-i [£2 _w , (& + l)2 _n ] is decreasing due to (5.5) such that / maps 

into #[0,1] ■ / is measurable since finite unions and countable intersections are so. Further, 
t £/(Z) iff (Z) = for all fc,n with f e [*2 -,, ,(ifc+l)2- B ]. By definition and the above 
compatibility relation for £, we get for dyadic s,t, say 5 = k2~ n , t = I2~ n , that 

/(z)n (5,0^0 nwz)=o. 

By definition of ^, this shows that multiplication by X{Z:/(znM=0)}(') ls me projection 
Ilp=i p /«2-»,(p+i)2-" = *V- Upper continuity and monotony of (s,t) i-> X{z:/(z)n[v]=»)} 
and continuity of (Ps,f)(,s,f)e/oi ( see Proposition 13.41 ) imply this fact for all other pairs 
(s, t). Since / is almost surely determined by this property f(Z) s t = f{Z S) t) for all (s, t) £ 
7o,i for M -a.a. Z £ #[o,i] follows from the fact that { } is an M -atom. f(Z + t) =f(Z) + 
t for t £ R <W-a.s. follows from |(3.11)| Lastly, /(Z) n (k2~ n , (k+ l)2 _n ) ^ implies 
/(ZD [fc2~ n , (Jfe+ 1)2-"]) ^ 0, i.e. Zn [£2- n , (k+ 1)2 _B ] ^ 0. Therefore, /(Z) C Z. 
The converse statement is obvious and the proof is complete. I 

Example 5.2 The simplest example of such local maps is the map f(Z) = Z, mapping 
Z into the set of its limit points. This map appeared in the analysis of the projections 
(Jp}(^ft))(s,t)eioi c L°°(M £ '") for some unit u of a (spatial) product system £ , see 
Proposition \3.9\ It should he easy to prove that this f is the largest possible in the sense 
that any such f with Z C f{Z) C Z M -a.s. is either f(Z) = Z or f(Z) = Z. 

Example 5.3 If the structure of Z is more complicated more evolved selection criteria 
for the points of f(Z) arise, are in fact necessary. So consider the special product system 
T, = T, , where M is constructed from the zeros of a Brownian motion, see example 
\4.2\ For this product system we know r({0}). Thus, Proposition 15.51 shows for 

any product subsystem f that V 7 s t > Vf t , (s,t) £ 7o,i- I ^f,t m d Pf; t commute. Since 
the latter operators generate a maximal abelian subalgebra of 25 ( t Ei), there is a function 
f described in the previous lemma. Possible candidates for such local maps are the sets 
of so-called fast points like 

f c (Z) = ! z eZ: limsup ^ — / ^ > c 

£ |o \/e|loge| 



for suitable c > 0, where M' h is the Hausdorff measure corresponding to the function 



h(e) = ye log | log £ | , see equation |(4.8)| Observe that almost all points of Z fulfil a law 
of iterated logarithm, these are not contained in f c (Z). It is known from ll58ll . see also 
PT1 l38ll . that under suitable choices of c, f c (Z) is not almost surely either Z or 0. But, 
this result is not sufficient to establish that ) consists of more than two elements 

for we need that f(Z) is closed, too. This is typically not the case for f c (Z), for most 
of the c they are known to be dense in Z almost surely. So we can only conjecture that 
y("E M ) is not trivial, but a lattice with at least one chain of cardinality of the continuum. 
Another description of 5^{'E M ) can be found in Proposition \5.11\ below, but that result 
does not help to answer the above question either. 



Another description proves more adequate. 



Lemma 5.8 The families (Ps,t)(s,t)ei 01 C L°°{94) of adapted projections with (3.10) 



(3.11) and Po,i 7^ story in one-to-one correspondence with stationary factorizing mea- 
sure types 94', 94' <C 94 , under the map 94' 1— > (P^ )( s Aei i> 

Pg = Z^X(0,~)(^/ £ (Z^)), (Me/0,1). 

Note 5.6 Observe, that by the chain rule for Radon-Nikodym derivatives, X(o,oo)(g^ ££ ) does not 
(essentially) depend on the choice jji € 94 , f/ € 94 ' . 

Proof: Assume that 94' <C 94 are stationary factorizing measure types and fix /j E 94 , 
[1 E 94 ' . By assumption, f/ s t -C ^ s ,t an d we can define a family of random variables 

^ f (Z)=x (0 ,oc)(|^(Z v )), (Me/0,1). 

Obviously, ^ does not depend upto -equivalence on the specific choice of and 
therefore we obtain for 94 -a.a. Z E^Sj 

^(Z) =^,(Z)^ V (Z), ((r,s),(s,t)El 0A ) (5.6) 

and 

^ +r , +r (Z + r) = ^(Z), ((5,0 G / ,i,r G E) (5.7) 

This shows that we can associate 94' with the system of projections (Pg )(,$,*) e/ 01 > cor " 
responding to the {0, 1 } valued random variables (^,/)(^)e/ r Observe that ^o.ij" ~ 
such that we can recover 94 ' from 

Conversely, let (P s ,t) (s,t)ei 1 c L°°(94 ) be a family of adapted projections with |(3.10)| 
|(3.11)| andPo,i 7^0. Therefore, we find measurable ({ 0, 1 } valued) functions (£,s,t)(s,t)ei 0i 
such that F st is multiplication by £, Sjt . If ^ G iW , we form the measure //, 

, 1 F 

Observe that J^ojd^/ > since Po,i 7^ 0. From \ u = 3^-a.s. we get that r = 

{//' : //' ~ /J} is again a stationary factorizing measure type. By definition, 94' <C 94 
and Pg' = P v . Consequently, families (P^)(, )f ) e / 01 C L°°(9W") with |(3.1U)l|(3~TT)l and 
Po,i 7^ 0, are in one-to-one correspondence with stationary factorizing measure types 94 ' , 
94' < 91. I 

As a corollary, we can compute 5^{t, m ) for certain stationary factorizing measure types. 
For the sake of simplicity, let y* ("E ^ ) denote all of 5?{t, m ) except the zero subsystem. 



Corollary 5.9 Let 94 be a stationary factorizing measure type on with Z = or 
#Z = 00 04 -a.s. Then 

y^T. ^ ) = {94 ' : 94 ' is a stationary factorizing measure type with 94' <C 94 } 



Proof: Since M ' h-> (Pf t ) ( s ,t)ei 1 c ) ^ $ (E^ ) is injective, it remains to prove 

it is onto. Fix any family (P s ,t)<s,t)ei 1 c ^(t,^) of non-zero projections with |(3.10) 
and |(3.1 1)1 From Proposition 15.51 we know that P s t > P" t for some unit of "E M . In 
Corollary 14 .31 we proved that T, M has only one family of unital projections (Ps,t)(s,t)eiov 
coming from the unit (u t ) t >o associated with (wi)^ = ^({0}) ^ 2 %{0}- Consequently, 
(Ps,t)( s ,t)ek i — L°°(fM ) and the proof of the above lemma shows that P s t = P^' for some 
stationary factorizing measure type 94 ' . This completes the proof. I 

Note 5.7 One should ask for the connection of the two characterisations. This is easily given, 
setting the random variable ^o,i in the proof of Lemma l5^8l to 

^0,1 (Z) =%{Z':/(Z')=0}( Z )> 

i.e. 94 ^ = ^o.i^- Again, this is in line with the approach in Theorem ^ and Lemma 15^71 that a 
closed set in [0, 1] is characterised by the intervals where it is empty. Of course, it is more easy to 
work instead of the whole f(Z) only with the information where it is empty. 

5.3 The Lattice of Stationary Factorizing Measure Types 

We want to use Theorem [T]to get more insight into the lattice 5^[t,) by considering the 
map J i— > 94 7 mapping product subsystems J into the stationary factorizing measure 
type 94 7 on T associated with the family (Ps,t)(s.t)eio i by Theorem[T] Before we have to 
study a corresponding concept of order on the stationary factorizing measure types. The 
previous sections indicates that the (almost) right one is induced by absolute continuity 

Recall that a lattice S is relatively complete if any order interval [e,f] = {s E S : e < 
s < /} is a complete lattice, i.e. any subset has a greatest lower and a least upper bound. 
S is o-complete if any countable family has a greatest lower and least upper bound. 

Lemma 5.10 Let (X,X) be a measurable space and 94 \ <C M2 be measure types on it. 
Then { 94 ' : measure type, 94 1 <C 94 ' <C 942 } is a complete lattice with respect to <C. 

Proof: First observe that -C induces a partial order: 94 ' <C 94 " and 94 " <C 94 ' imply 
94' ~ 94" what is the same as 94 ' = 94 " . 

For a measure type 94 ' , 94 1 <C 94' <C 94% define the measurable function p^i like in 
the proof of Lemma l5.8l bv p M i = 3C(o,°o)(^-)- Then p M , is fM"2-a.s. determined. 

Conversely, a {0, 1 } valued measurable function p > p M{ 942-as- determines a mea- 
sure type 94\ <C 94 ' <C 942 for which p M i = p 942-a.s. 

Clearly, 94' <C 94" iff p M i < p M n 942-a.s. Thus greatest lower bound and least 
upper bound for measure types (94 a )aeA translate into essential greatest lower bound 
and essential least upper bound for the functions (PM a )a<EA, which exist and preserve the 
ordering p Ml < P- I 

Proposition 5.11 The set of all stationary factorizing measure types on $j different from 
{ 8f } ordered by <C 15 a lattice. It is relatively and o-complete and has a least element, 

W- 

Proof: Firstly, like in the proof of Proposition 14.1 ll we derive for stationary factorizing 
measure types 94 1 , M2 that 94 \ , 942 -C 94\ * 942- Thus we can dominate any finite family 
of stationary factorizing measure types by another one. 



Next we prove that each dominated set of stationary factorizing measure types is 
a complete lattice. From Corollary 14.21 |(ii)| we know that 80 -C M for any stationary 



factorizing measure type !M 7^ { 8t }• Due to the above lemma and ifPTl Theorem 1.6] it is 
enough to prove that for any family (fM^a)aeA of stationary factorizing measure types the 
greatest lower bound is again stationary factorizing. This is easily seen from the random 
variables (£,s,t)(s,t)el 1 use( ^ m me P ro °f °f Lemma The greatest lower bound for the 
measures corresponds to the essential greatest lower bound of the corresponding random 
variables. This new random variable fulfils again (5.6) and (5.7)| Consequently, each 



set of projection families associated with stationary factorizing measure types dominated 
by a fixed stationary factorizing measure type 94 has a greatest lower and least upper 
bound. Further, the chain rule for Radon-Nikodym derivatives shows that the measure 
type associated with these two projection families is independent from the choice of the 
dominating measure type M . Thus the set of stationary factorizing measure types on $t 
is a lattice, which is even relatively complete. 

Clearly, { 80 } is the least element of this lattice. 

Lastly, G-completeness of the lattice follows from the fact that a countable family 
(j" n )neN °f quasistationary quasifactorizing probability measures is dominated by another 
quasistationary quasifactorizing probability measure, e.g. 

/i= £2-y *■■■*//■■ 

Clearly, w <C /u and n is quasistationary. To prove that fi is quasifactorizing observe that 

Hr,s * Vs,t = £ T~ n ~ m Af *■■■* fi,s * l4,t *•••*</ 

Now /u\ s *■■■* $ s < /u\ s *•••*// JJ+ 1 shows that 

E 2""" V,, * ■ • ■ * A, s * A, t * ■ ■ ■ * t% t ~ E 2-y, * • ■ ■ * tt s * n\s 

and we find 



neN 
neH 
«6N 



This completes the proof. I 

As a summary, we derive the following result, enriching the structure of Sf{%). We 
need a new partial order -< on all stationary factorizing measure types on fij, defined by 
M f iff M f or M = { 8f }. 

Theorem 5 The set of all stationary factorizing measure types on ordered by ^ is 
a complete lattice with least element { 80 } and greatest element { dj }. For any product 
system £, the map m £ on 5?{TL), m £ (jF ) = provides an order antihomomorphism, 
which is an invariant of T, . 



Proof: The lattice property follows essentially from Proposition ^ .1 H and the observation 
that any undominated set of stationary factorizing measure types has { St } as least upper 
bound under ■<. For completing the proof, it is enough to show that J C f' implies 

M r > M f '. This follows readily from Proposition 15.1 II since p£ f ' G {p^, : (s'j f ) G 
'o,l} -I 

Note 5.8 Clearly, the marks adjusted by the map m E to the elements in ^(e) provide more 
(invariant) information about a product system £ . The only problem is that P" t AP v st = for two 
units u,v which are not multiples of each other. Thus we had to introduce the new order 

On the other hand, we know very little about the image of y (E ) under m E . A first step to 
its characterisation would be the solution of the question whether automorphisms of the product 
system E act transitively on the normalized units. An affirmative answer to the latter would imply 
that all measure types E ", u S ^(e), derived in Proposition 13.61 are equal. I.e., we could not 
distinguish these product subsystems, which are the minimal ones in (=y*(E), C). 

Further, we could mark instead of the vertices of the graph of the relation C in J^(e) (by 
the map m E from above) the edges of that graph, since by TheoremHevery pair f £ S?{% ), 
J C E gives rise to a measure type M } ^ too. Again, the relation between different measure 
types like M ,jr & , M 7 ' 7 , M 7 ' 7 is not simple. This can be seen in the examples covered by 
Proposition 14. 151 There both fW ( C "')'>0: E and <M 2 > E are equivalent to a Poisson process, but 
<M ( c "f)'>o> E ma y vary among a continuum of different measure types by Proposition [O] 

6 Direct Integral Representations 

Since M £ '^is not a fully characterising invariant of £ we shall look for further invariant 
structures encoded in the projections [P S J ) ( s ,t)ei 1 • Clearly, the double commutant alge- 
bra I Pfj^: Me/0,1} C 'B (Ei) is an abelian von Neumann algebra. So we can apply 
the theory of direct integrals of Hilbert spaces ll56l fT9ll or the Hahn-Hellinger theorem 
PP3I. This makes notations considerably heavy, but we think the results derived by this 
technique are worth this effort. 

6.1 Random Sets and Direct Integrals 

Recall that if ^ = (^f x ) x< ^x is a measurable family of Hilbert spaces and v is a measure 
on X, the direct integral f® v(dx)^ x is defined as the space of square integrable measur- 
able sections. A linear operator A : J® /u(dx)^ x 1 — > J® ^'(dx)^^ on direct integrals is 
diagonal if it has a representation as A(\\r x ) xe x = (A x \\f x ) xe x for a measurable family of 
operators (A x ) x<E x- Then we write A = J® /j(dx)A x . 

Proposition 6.1 Let 7 be a product subsystem of T, . Then for all p G M 7 there exists 
a measurable family (Hz)z<e$[ n of separable Hilbert spaces and a unitary : £1 1 — > 
f®fi(dZ)H z such that 

{U^U*\f) z = X{ Z ':z'nM=0}( z )Vz- 

If/j' G M 7 , (H' z )ze$p !j an d U'^ : £1 1 — > J® jj! '(dZ)H' z have the same property then there 
is a diagonal unitary U : f®/u(dZ)H z 1 — > J® n\dZ)H' z with UU^ = U'^. 

Moreover, for all r Gl the Hilbert spaces Hz and Hz+ r are isomorphic for M 7 -a.a. 



Proof: Theorem [T] yields the normal *-homomorphism 7 py : L°°(M T ) i — > ( B{%\). Ap- 
plying the Hahn-Hellinger theorem [43, Theorem 7.6] to the abelian von Neumann al- 
gebra J Y j {L°°{M 7 )) we find a unitary Uq : T.\ i — > L 2 (#[o ^ x N,v) with a probability 
measure v on d[o.i] x N such that 



(£/oPjr£/ »(Z,«) = I(?:Z'n[ s ,r]=»)(Z)#-4 

We want to show that under the projection 7t : 3ro,i] x N 1 — ► ^[0,1] me measure v o tt _1 on 
#[0,1] belongs to M 7 . Choose a complete orthonormal system m ^ 2 ( v )- Then 

T|'(-) = L/eN 2_/_1 (Vz, -Wi) is a faithful normal state on «(L 2 (v)) and rj = r\'(Uo ■ Uq) 
one on We find 

ti(pJU-p£ a ) = Ti'(c/ pf 1)fl ---PS A f/ *) 

k 



£2-'- ! / v(dZ,dn)x|/ / (Z,n)nx {Z ':z'n[ i -,,.]=0}( Z )^( Z ^) 
/ v(dZ,dn) £ 2-'- 1 |Vi(Z,/»)| 2 x { ^nM]=e,i=i,...,jfc}(Z) 
Von- 1 ({Z:Zn[s i ,ti]=(b,i=l,...,k}) 



for the measure v' = £/ g n2 z 1 |\|//| 2 v. Theorem Q] yields 5 3 = v' o % l . Since 
(\j//) ZeN is complete, E/eN 2 "' -1 |V/| 2 > v-a.e. and v' ~ v. This shows vo^ 1 e M 7 . 

Disintegration of v with respect to v o n~ l gives a stochastic kernel p from #[o,i] to N 
such that for all v-integrable / 

J v(dZ,dn)f(Z,n) = J \o%-\dZ) J p{Z,dn)f(Z,n). 

We set Hz = L 2 (N 1 p(Z 1 ■ )), which is measurable by measurability of p. Derive U\ : 
L 2 (v)i — ^/ e vo7i- 1 (dZ)// z from 



£/i\|/(Z)=\|/(Z,-). 



Since 



(C/iV,Z7i\|/> = |vo7T- 1 (dZ)<t/ 1 V(Z),t/ lV (Z)) 



-1, 



voji-^dZ) J p(Z,dn)Uiy'{Z)(n)U x y{Z)(n) 
\on~ l {6Z) j p(Z,dn)y(Z,n)\p(Z,n) 
v(dZ, dn)Y(Z,n)\]f(Z, «) 

= <V,¥> l2(v) , 

C/i is isometric. Since for any (yz)ze$\ 1 , € J® V o rc -1 (dZ)H z the function \j/(Z, n) = 

\|/z(n), (Z 6 5"[o,i],n e N) is measurable, in L 2 (v) and t/|\j/= (\|/ z ) Ze tf [0il] , is sur " 
jective too. Thus U VQ7l -i = U\Uq is unitary and the direct integral structure is established 



for the special v on . Observe for any p,p/ G M 7 that U^j defined like in (2.1)| is a 
diagonal unitary. Consequently, for all p G M 7 the operator U M = U vo% -\ ^U^^i yields 
the desired objects. 

Uniqueness is a general result for direct integral decompositions ll43ll . 

The isomorphism of Hz and Hz+ r for 94. 7 -a.a. Z G $T is established by the fact 
that c r induces an automorphism on 7 py (L°°(M 7 )), implementing p\ : L°°(M 7 ) i — > 
FTiM 7 ), (3 r (/)(Z) = f{Z — r). Uniqueness of the direct integral representation com- 
pletes the proof. I 

Corollary 6.2 If £ w a product system then M £ ^ = { ^ : T] faithful on ( B{t,\)\. 

Proof: Fix some /j^ and /j G M 2 '^and a complete orthonormal system (hi) le ^ in L 2 ^) . 
From measurability of (Hz)ze$ T we S et measurable sections (\j/2)z e 5 T , neN, such that 
(\|/ z , \|/™ ) = for all Z, if n ^ m, and (Vz); 3 eN * s tota ^ m an y Hz- Further, we may achieve 
that 

L\m\l z = — - 2 , (z 6 fc). 

Now the sections ((t>' ,n )/ jn eN> ^z" = hli^Wz,, are tota l m f & l Ll r\(dZ)FIz- Namely, let a sec- 
tion v fulfil (y, 4> z - n ) = 6 for all /, n G N. Then / p n (dZ)fy (Z) !>z, Vz)// Z = for a11 Z > " G 
N. Completeness of (hi) leN shows that for all n G N and ^-a-a. Z G 5, (YZ; Yz)// Z = 0. 
Totality of CVz) neN in Hz implies \|/z = ^-a-s. Consequently, ((j)/ ) «)/ jB eN is tota l m 
f® p T] (dZ)H z and the functional r|'(-) = L/,„ e N 2 ~ / ~ 1 (V' n > V' w ) is a faithful normal state 
on <B(f®p n (dZ)H z ). 

Further, applying Theoremdto the faithful normal state r\"(-) =l\'(U tl -U*) onS(£i) 
we find 

f %j*({Z:Zn[s i ,t t ]=Q,i = l,... i k}) 

= vTPZa ■ ■ -K,0 = vKujZa ■ ■ -P*^) = V(X{z : zn[^=0,*=i,...,*}) 

= fp n (dZ) £ 2- / -M/ z KZ)| 2 || V zll^X { z':z'nM]^=i,..,n( Z ) 

•' i,nen 

= J v(dZ)%{z':Z'n[s i ,t i ]=®,i=h ...,&} ( z ) 
= /i({Z:Zn[j/,Jf]=0,i=l,...,*}). 

The uniqueness statement of the same theorem implies that p^ r f / = p. I 

Example 6.1 We consider r(C d ), d G N*. The relations r(C d ) = T(C) <g> • • • ® T(C) 
and r(C) = £{w~n^} j m p]y tftat r(C d ) = <E U ' , where M' is the measure type on 
■&Tx{l,...,d} determined by M' = {p : p ~ II^ ® • • • ® Hi}, see Proposition \4.14\ We 
choose the unital projections corresponding to Pq l = %{o}. Looking on the represen- 
tation of r(L 2 ([0, l],C d )) as L 2 (^,Fi), where F\ was defined in RT^l we get P£ f = 

X {ze5 Tx{ i...., rf }^(z)n[^f]=0} wi3ere ti3e P r °j ection *( z ) is £ ive as *(Z) = {^T:3^G 
{ 1 , . . . , d } : (z : k) G Z}. Formula |(1.2)| shows that the disintegrating kernel p from the 
proof of Proposition ^. J I is given by 

/>({*!,. ..,*„},dZ) = <T n £ 8 {(ri,Jfci),...,(/»A,)}( dZ )- 

,...,k n = l 

ThusH {h _ tn} =L 2 ((^ d k=l d k )^) = (C d )®». 



Example 6.2 Construct Z from any set of probability measures (Q s ,t)s,teT,s^t use d in 
the proof of Theorem\3\and a random closed set Zq distributed according to the Poisson 
process Hi such that Z — Zq. Let M be the measure type of J£(Z) and £ = £ M . Propo- 
sition \3.9[ shows analogously to Corollary 14.31 that Pf t = ^ P ^(%| Ze ^ T {i d} -zn[s t]=®}^ ■ 
Similar to the above example we derive Hs tx _ t \ = L 2 ( Q h j?2 <g> ■ ■ • ® Q tn >tl ) , so all Hz are 
infinite dimensional. Thus M 7 together with the random variables Z i— > dimHz does not 
characterize the product system T, upto equivalence. The additional associative product 
structure on (Hz)ze$ T , we derive in the next section, is an essential ingredient. This is 
the same situation as in product systems. There each fibre is isomorphic to L 2 (N) but 
there are nonisomorphic product systems. 

6.2 Direct Integrals in Product Systems 

Of course, Propo sition l6.1l has an analogue for arbitrary t replacing 1. Besides the direct 
integral representations for different t E E+, there is also the tensor product structure on 
( l E t ) t >Q. In this section we want to analyse the implications of this product structure on 
the direct integral representations. 

First, we want to approach this structure from a constructive point of view. Fix a sta- 
tionary factorizing measure type M on and a measurable family H = (H^jteR+^edp ( i 
of Hilbert spaces with a more complicated product structure. This product structure is 
defined by unitaries (V^ ;Zl )s,teR + ,z s eZ m ,z t e5 M , : ® >— > #zM Z ,+,) wnich 

(i) are measurable in t, Z t with regard to f(s, Z s ,t,Z t ) = (s + t,Z s UZ t + s) and 

(ii) fulfil the associativity condition 

V r /t\ ui j. \ ° (1/r ® V77 ) = V£t',i , x 7 o ( V r "\ , ^ , ® lot ) (6.1) 

Z r ,Z s l)(Z,+s) v n z r Z S ,Z,J Z r U{Z s +r),Zt v Z r U[Z s +r) ti Zt > v ' 

for all r,i,(6 M + for 9rf p -a.a. Z p , where p varies among r, s, t. 

Observe that (£ f °) f >o, "E® = H^, is a product system then if M differs from {St}. Iso- 
morphisms of this structure are given by a measurable family (Q z )teR + ,z<Ed[o,] °f unitaries 
0^ : H z 1 — ► H' z with 

Suz,+, = Q z s ® 6^, (s,t e R+, M? p - a.a. Z p ,p = s,t). 
Define the Hilbert spaces 

„ r r® 

•E t » = j ¥ = (\^)^ , : \iv e y ju(dZ)fl^, \|y = u^y^nJ e M . t 

where the unitaries L^y are again given by |(2.1)| i.e. 



U,,M Z ') = \J^ Z> ^ Z '^ ^ E / ffi A'(dZ)^, A /-a.a. Z 1 e $ m ). 
Then, the inner products 



( ¥ Y) £ «.„ = J (y,(Z)^(Z)) H ^(dZ) 



do not depend on the choice of /j £ Mqj and define an inner product on ' . Multipli- 
cation on£* ,/f is given by the unitaries V s ,u 



(6.2) 

The measurable structure is determined by such sections \\f s (Z s ) for which for any /j £ M 
the map 

(s,Z)^(\|/,) W)j (Z ,,) 

is almost surely measurable. 

Lemma 6.3 £ = ("E^ ,H ) t >o is a product system. 

Assume additionally that 9A. is different from { &f }. Then £ has a unit iffE has one. 
IfE°is type Io then 

T,f= { \\f : y A ,(Z) = unless #Z < °° } , ((£!+). 

Proof: Measurability of V s4 follows from that of (Vz' :Zt ) s ,teR+,z s ed [0 , s] ,z t eS m - In the same 
manner, we find associativity of the former family by the corresponding property of the 
latter family. 

If M 7^ { 8t } the family {e} ) ; > , e} = {y: ^(Z) = unless Z = } is isomorphic 
to (E®) t >o and a product subsystem of E^ - H . Thus Proposition 15 .51 shows that £° has a 
unit if and only if £ M > H has one. 

If £° = r({0}) we set (w f yz) = a/({0}) _1/2 %{ }(Z) £ C ^ £ f ° and find that u is a 

unit of £ ^ ,w . It is an easy computation (see the proof of Corollary 14.31) that 

/ P «(/)^(Z)=/(Z) ¥Ai (Z). 
Proposition l3.9l completes the proof. I 

Theorem 6 If £ is a product system and J is a subsystem of it. Then there exists a 
measurable family of Hilbert spaces H = (H t z)teR+,ze'5[Qt] sucn that £ = -e^? ,h un d er 
an isomorphism respecting the natural actions of J^t {L°°{M 7 )). 

Further, if E and £ are isomorphic under (0f)f>o such that §tTt = Ttfor all t £ M+ 
then all 0f are isomorphic to diagonal operators f = J® /uo, t (dZ t )Q f Zt such that is an 
isomorphism between H and H. 

Consequently, £ and £ are isomorphic iff M E '^= and the Hilbert space 

families (#z)feR+,ze5[ 0( ] an d (^z)feR+,ze5[or] derived from the subsystems E a// and E°^ 
are isomorphic. 

Proof: Application of Proposition 16.11 yields a family (Hz)z<E$p 11 associated with the 
family P 7 . In a similar way, we can define projections P^ £ •B (E t ) through 

The analogue of Proposition 16. 1 1 yields a family (H' z )z<e$ [0 l] associated with the family 
P J ' f for all t £ For selecting H z in a measurable way, with both t and Z free, we will 
apply Lemma 177131 below and use further notions introduced for convenience in section 



17.51 Proposition ^ .4l shows that t \— > Pfj „, is continuous for all (Y, G Zq r Consequently, 
the family (%' t )te[0,l]> K = °dt with the dilations d t f(Z) =f({z:tzE Zo, t }) is a mea- 
surable family of representations of L~(#ro 11) on 2>i. Normality of the representations 
follows from normality of 7 P f . Fix a measurable family (rj f ) /e r ,i] °f normal states on 
each. Then n t = 1 ®T[i- t o ttJ is again a representation of L°°(5[o,i]) on <E t and 
('Ore [0,1] i s measurable. Now existence of a family ZZ with the required measurability is 
a consequence of Lemma 17 . 1 5 1 below. 

Denoting Ufj the unitary from Proposition 16.11 define unitaries s z ss+t '■ ® 

^Zs,s+t 1 ¥ ^Zo. J uz J ,j-i- f hy 



u-;::y^ Z2+ MZiuz 2 +s) = J ^ 5) (Ziuzz+s) 1% ® t£ v v V(Zi , z 2 + ,) 

for fM"o, s -a.a. Zi G 5[o,i] an d Moj-a-a. Z2 G #[o,f]- Since £,$+; = £. s ® £f and P^ factorizes 
according to |(3. 10) the uniqueness part of Proposition ^, ll implies ZZ| +r = ZZi <S>ZZ£ 



for ^/ 1+f -a.a. Z with respect to this unitaries. Naturally, this implies the same factorisation 
for any fj s ,/j t ,/j s+t from the same measure types which is |(6.2)| 

By assumption, 0i intertwines the families (P^)( Sj f)e/ 01 and (^s,t)(s,t)ei 01 - Thus the 
assertion on isomorphy follows from Proposition ^. 11 

In the special case f = £^we know that M E >' ?/ = M £ '^is necessary for £ = £ 
and any isomorphism of £ and E maps £ ^ onto £ ^ The proof is completed by the 
preceding results. I 

Note 6.1 Similarly, there is a multidimensional analogue of this result complementing Proposi- 
tionETgl 

Note 6.2 On a first sight, the last statement gives us a mean to determine the whole structure of 
E. But there are some obstacles. We cannot provide the relations Hz = Hz 0l <8>Z/z, , simultane- 
ously for all t G M+, Z G d\o,t] an d we have no direct control over the unitaries encountered in this 
equivalence. So we replaced the problem of classifying product systems by the more complicated 
problem of classifying families (-ffz ( )teK+,^effi 0f i with much more complicated product structure. 

Nevertheless, the above result is useful in two directions. Firstly, it gives us a hint to reduce 
the structure theory of type III product systems to that of type II. Secondly, we can prove now 
Corollary 16.41 which classifies all type I product systems solely by results of the present paper, 
quite differently from the methods used in [4, section 6]. 

6.3 Characterisations of Type I Product Systems 

We want to use the direct integral technique to characterize type I product systems. 

Corollary 6.4 Suppose, £ is a product system with a unit (u t ) t >ofor which the measure 
type M E '"from Proposition ^. 6\ is concentrated on $L Then £ is an exponential product 
system r{Ki). Especially, i-a.a. Hilbert spaces are isomorphic to 

Proof: The proof follows much the lines of that of Proposition l4.41 

By Corollary 16.21 we could assume that /JZ is just FL\ Next we apply Theorem |6] to 
the family (Ps,t)(s,tei 1 ). In any £7, there acts a unitary flip group (xf ) teR , 



xfxT-t®X t = X t ®X T -t, (xr-t G T-T-tiXt G £f). 



(6.3) 



Like in Theorem |6] we find that induces an isomorphism of almost all 7/J with T/J+r 
For fixed ieNU{<»} consider the measurable function fT : [Q,T] i — > K + , flit) = 
X/ Z;dim/f | =fc }({?})- Using Proposition Owe find f[(t + r) = f£(t) for £-a.a. t. This 

shows that f[£ is a translation invariant measure, i.e. f£ is constant £-a.e. Since fl ■ fl = 
£-a.e. for 7^ fc' G N all but one function out of /J, G N vanish almost surely. I.e., 
almost all Hilbert spaces Hj t y have the same dimension, they are isomorphic to some 

Hilbert space %J . Moreover, Theorem |6] together with the complete factorisation of ITg 
implies 

othelL' («-a-a.^[0,r + S]). 

Thus %_ T = Ki s = for all T,S > 0. Using |(6"T)1 and H$ = C we find like in the proof 
of Proposition E31 that Hi { } = This shows <E t = r{lCj t , since ^ = is 




{h,-,t n } 

This result allows us to complete the 



concentrated onfiL^. I 



Proof of Proposition \3. 9\ The measure type M u > is well-defined since P" f < Vf t im- 
plies that P" and P" ?/ commute. In the following we use that #[0,1] x{ 1,2} 
(t, 1) GZ},{( : (?,2) G Z}) G ^[0,1] x ^[0,1] i s aBorel isomorphism, and consider instead 
of M M '^its image. 

We define a new family (P*, f )(^) e / 01 of projections by P v = Jp»(%{ Z ;#(zn[s,t])<°°})- 
Observe that {Z G S^a] : #(Zfl < °° } is contained in the o-sub field of d[oj] gen- 
erated by all sets {Z G 5[o,i] : Zfl [V,?'] = 0}, 5 < < t' < t. From normality of /p« 
we derive that P s / G {P" f , : s < s' < t' < t }" C A s _ t , i.e. this family is adapted. It fulfils 
|(3 .10)1 since 

#(ZH[r,f]) <oo #(ZD[r,j]) <°oand#(Zn[^,/ 1 ]) < 00, (( r ,s), (s,t) G 7 0) i). 

Bv l5.11 there is a product subsystem E of £ such that P Jif projects onto 'E s ®'Ef_ s ®'E\- t . 

Normalize u and consider another normalized unit v and the corresponding normal 
state r). We know from Lemma l3~71 that /j-q is the stationary Poisson process on [0, 1] with 
intensity — 29\ty(u, v), which is concentrated on $L This implies 

1= ^(5f ,i]) =r l( p oa) = (vi,Pojvi) 

and Pojvi = vi. Consequently, "E^is contained in E . Further, Corollary 16.41 shows that 
£° is isomorphic to some r(%i). Since any product system r(oc) is generated by its 
units, £ is it too. But £° is a subsystem of <E. Thus all units of £° are units of £ and 
we derive £° = £ f < This shows Pj = ^p»(X{ Ze ff [0il]: #(zn[v])<~P for all (j,f) G 7 ,i. 
For any faithful normal state T| we get from P" t < Vf t and Corollary 13.51 that Z fl 

0,0 = iff #(ZH [*,?]) < °o for /^-a.a. Z. Thus, Pj = /p«(X{Z:#(ZnM )<<*>}) and conse- 
quently, 

^({(z,z'):Zn[ S( -,? ? -]=0,z'n[4^]=0,i=i,...^}) 

— nfP" P" P^ P^ ^ 

- n^s x ,t l ---r Sk ,t k rj v t[---rs J k ,t' k ) 

= ri(P.: i , I ---P^X{Z:Zn[5^;]=0,/=l,...,fc})) 

= ^({(Z:zn[ji,«i] =0,zn[4*;] =0,/= 1,...,*}). 



This completes the proof. I 



Corollary 6.5 For any spatial product system T, there is some Hilbert space %i such that 

Proof: This follows from Proposition l3.9l since for any unit u E ^/{t, ) the measure type 
M £ is concentrated on 5[ ^ ■ I 

Before we collect some concluding remarks, we want to show that another result of 
Arveson |D|531 can be proved with the techniques presented so far. 

Call a vector vG£ ( decomposable if for all < s < t there are some vectors v s G T, s , 
v ; t _ s E T, t - S with v = v. s - ® v' s . By TheoremEl the decomposable vectors generate a product 
subsystem of £ (may be, the empty one). If this product subsystem is all of £ it is called 
decomposable. 

Corollary 6.6 Every decomposable product system is of type I. 

Consequently, every product system with at least one decomposable nonzero vector 
has at least one unit. 

Proof: We use the ideas for the proofs of Theorem^! Proposition l4.61 Corollary 16 .41 and 
Theorem 

Suppose £ is decomposable. Then there is at least one nonzero decomposable vector 
in £i, say v. If all decomposable vectors are just multiples of v, T,\ is one-dimensional 
and the proof is finished. So let us assume that the set of decomposable vectors in £i is 
larger. 

To such a v ands,? G/o,i there correspond vectors v^. E C E S , v f _. s E T, t - S and v'(_ t E "Ei- t 
with v = v' s ® Vt-s ® v'/_ r This allows us to define 

P*, = l E ,®Prcvi_,® (M G/ 0) i). 

From the decompos ability of v we obtain that (P l s,t)(s,teki) are adapted projections which 
fulfil |(3 .10)1 Now Theorem [l] provides us for all normal states r\ on (2 (£i) with a prob- 
ability measure pi on 3r such that |(3 .12)1 is true for P s t = P*' f . For faithful states r\ f , we 

get even a faithful representation 7p V of L°°(/^,). 

If w is another normalized decomposable vector in £i set r\ = (w, -w). Since both v 
and w factorize, pi factorizes, i.e. it fulfils |(4~4)1 Since p^ is not stationary, we cannot 
derive p^({Z : t E Z}) = for all f G T from Corollary 14.21 directly. So suppose there 
is some t E T such that pl{{Z : t E Z}) > 0. If T]' is a faithful normal state on •B{'E\), 
Theorem [T] implies p^ -C p^,. This shows that ^,({Z : t E Z}) > 0. Faithfulness of T)' 
implies that Pf'° < 1, where P^° is defined according to |(3.13)| Proposition 13.41 forces 
Pq j = and equivalently v = 0, what is a contradiction. Thus £/^({Z : t E Z}) = for all 
t G T. Proceeding like in the proof of Corollary 14.21 we obtain /^({0}) > 0. Continuing 
like in the proof of Proposition l4.61 we obtain a finite diffuse measure V ,w on [0, 1] such 
that X v ' w ([0,f)) = -ln/^({Z : Zn [0,?] = 0}) and the Choquet theorem 02 Theorem 

2-2-1] implies that pi = Uxv,w. Since X v,w is a finite measure, n^v,w(^) = 1. Thus we 
obtain for a faithful normal states T|' on <B (£i) that 

4( V) w = = ^(^t) = iwsft = 1, 



what implies J^iX-Aw = w. Since £ is decomposable we derive that = 1, i.e. 



Using equation |(3.17) like in the proof of Proposition l4.4l we obtain that /jL ~ n v for 



the finite diffuse measure v on T given by v(Y) = /jL(T\(Y)), where T\ (Y) = {{t} : t E 
Y})- 

If (J*st)(s,t€i<n) would fulfil |(3.lT)l we could proceed like in the proof of Corollary 

6.41 Thus we will construct in the following a nonzero factorizing vector which is (x f ) reK 

invariant too (this vector will correspond to a unit then). 

Using the analogue of Theorem |6] we find that T,\ = J® T\ v {dZ)Hz with the identifi- 
er 



cation P v st = %{z:zn[s,t]=<b}- Proceeding like in the proof of Corollary 16.41 we find a mea- 
surable family (H s ) s<E j of Hilbert spaces such that H Su _ tSn = H Sl <g> • • -®H Sn for v"-a.a. 
s\ , . . . , s n and H® = C. Moreover, w factorizes iff there is a measurable family h = (h s ) se j 
with h G f®v(ds)H s and a G C such that w Slr ,. )Sn = ah Sl ®"-®h Sn for v"-a.a. si,...,s n 
and h% = a. A short calculation shows 

<w,w , ) = aa , e^ 

We assume that w^O, i.e. a^O. From the curve 1 i— »■ x t w we derive continuous fam- 
ilies (/i f )reT C f @ v(ds)H s and (a f ) /e x C C \ {0}. In the same manner let (k') te j and 
(^f)teT CC\{0} correspond to 1 1— > X f v. Using that (x t v, X s w) ^ for all s, f and (% t ) ?eR is 
continuous, we find continuous versions of ? i— > lna^lnp 1 '. The group property of (x f ) feR 
implies 

Now we get from continuity of (s,t) h- »■ (T f v,x 5 w) and ? i— > lnoc^lnp^, (/z f )/ e T, (& ? )?eT that 



In oc s + In |3 f - (/r 5 , kf ) = In a + In + (k° , tf~ s ) , (j,f 6 M). 
Let w be the factorizing vector corresponding to y = e^ df ) ln P and k = J £(dt)k?. We find 
(w,t r u) = (x>, M )=e^^( i; ^ F7 + ln P'+(^^)) 

e fl{dt)(hwP+lnp+ r +(h ,k»+ r )) 

Since £ is decomposable and w can be chosen freely, this shows x r u = u for all r G M. 
Thus u corresponds to a unit and Corollary 16 . 41 completes the proof. I 

Note 6.3 We see that in principle we can use the direct integral structures coming from any set of 
projections fulfilling |(3.10)| E.g., the projection can be related to an arbitrary product subsystem 
f of E. Then (P" t ){s,tei i) §i ves a fi ner structure than (P^)(^ e / 01 ) since {P" t : s,t G 7 ,i } C 
{P^f : s,t G 7o,i } • A further advantage of the former is that //^ = C, which allows an effective 
use of the product structure given by V^z, > see tne above proofs. On the other side, we do not 
know whether the direct integral structure induced by the former family is an invariant of the 
product system (this corresponds to the already mentioned problem whether automorphisms of a 
product system act transitively on the normalized units). 

If, fortunately, the product system is of type Ho, i.e. both subsystems coincide, one can say a 
little bit more about its automorphisms, like the next example shows. 



Example 6.3 We consider the measure type M of the zero sets of Brownian motion, 
introduced in Example \4.3\ Suppose = (Q t )t>o is an automorphism of"E M . Since we 
know that the product system is of type Ho, must leave the projections onto the unit, 
which are justPf t , invariant. By Theorem^ Q\ is a diagonal operator in the direct integral 

representation associated with T,^. But the algebra {Pf t '■ (s,t G /o,i) } is maximal 
abelian in ( B{%\) such that almost all fibre spaces are one dimensional in this direct 
integral space. Thus, 0z is just multiplication by a complex number z(Z) 6 T. Further, 
the tensor product structure forces 

z(Z)=z(Zo >t )z(Zt A ), (0<t< \,M -a.a.Z) 

Examples of such operators can be obtained from z(Z) = e lcJ ^ h ( z ) M -a.s. for some c G K, 
where Jrf? h is the Hausdorff measure with respect to the function h(e) = a/e| log | log e| | , 
see |(4.8)| By results of [45 1, the function is well-defined. We do not know whether this 
set of unitaries exhausts all automorphisms of £ ^ . The unsolved problem to find all 
product subsystems of"E M is seemingly related, see Example 15.31 

Note 6.4 By the isomorphy result of Theorem |6] one can also use the direct integral represen- 
tations to enrich the lattice JT'('E). But, we see no use of this. Conceptionally, it is clearer to 
consider the lattice of tensor product subsystems of von Neumann algebras of {^-s,t)(s.t)ei ^' see 
NotelT6lbelow. 

Note 6.5 In [50] there were constructed £"o-semigroups associated with type II product systems 
by domination of fixed non-unital (so-called eo-)semigroups on s(^) which are type I. But the 
eo-semigroups dominated by a £o-semigroup correspond to product subsystems, see iBOl Theorem 
4.2] and Proposition 15. ll above. Thus we can think of Pq t as projections onto (which is a Fock 
space) and the extension amounts in choosing M and suitable H' z . This is similar to the procedure 
established in Theorem |3j applied to the measure type of Yl^. 

Note 6.6 Together with the Hahn-Hellinger theorem there is the notion of spectral type of a 
representation of an abelian W* -algebra. Namely, we can order the measures V/t(- ) = v( ■ n 
C3ro,i] x {&})) (where v is the measure derived from this theorem, see proof of Proposition l6.lt 
in such a way that v,t + i <C k G N. For any k, let mult(v,t) =#{&': v# ~ v*} denote the 
spectral multiplicity of Vk- Then the set { ({v : V ~ V/t} ,mult(v,t)) : k £ N} is a characteristic 
unitary invariant of the representation of L 2 {M 7 ) B3l Theorem 7.6]. Analogous to the fact that 
dim E, is either 1 or » one can derive that the spectral multiplicity of Vo is either 1 or » too, 
giving an additional invariant to M E ^ say. Moreover, this result gives each E ; the structure of 
L 2 (5Vf ' ? ), fW ' r being a measure type on d[o.t] x N. Unfortunately, the relation between the other 
spectral multiplicities and measure types is not clear. Thus, we get no canonical (associative) 
transformation c s>t : (d\o, s ] x N) x (d[o.t] x N) i — ► (3\o 7 s+t] x N), such that any type II product 
system would fit into Theorem |9]below. 

6.4 Unitalizing Type III Product Systems 

Here we construct examples of type II product systems parametrised by, besides a sta- 
tionary factorizing measure type, all possible type III product systems. The main idea is 
to construct from a product system T, the new product system as £ M ,H . We will consider 
the special case H f z = t E T ^ uZ y where T(t,Z) E R+ is a "new" (random) time for the old 
product system. 

For a stationary factorizing measure type M on 3r an d a function h : IR + i — > IR + 
consider the following condition 



(H-h) For M -a.a. Z G # T either J^ h (Z) G (0, °°) or Z = 0. 
Thereby, Jf? h is the Hausdorff measure related to h by |(4.8) 



Example 6.4 We may consider the measure type M of the set of zeros of Brownian 
motion, see 11551 section 2] or the above Example \4.3\ Then, according to [451, M fulfils 



(H-h)\ for the function h : £ i — ► y/zlog | logej 



Proposition 6.7 Let £ and £ be two product systems and M a stationary factorizing 
measure type M on which fulfils |(H-/i)] We build two families (H z ) te j& +! ze$< 0l y 
(Hz)teR+,Zed[o t ] °f Hilbert spaces by H z = £ j^A( Z ) andH z = £ ^( Z ). Further, we equip 
H with the multiplication encoded in the unitaries (V z ^ Zt )^eR+,z s e#r 0s i,z,e#r 0t i given by 
v z s ,z, = v ,tf h (z s )„^ h (z ( ) and H with similarly defined unitaries (Vg Z( ) veR+ ,z s ed [0 , s] ,z,e5 m ■ 
Then M together with both H and H fulfils the hypothesis of Lemma 1(5.31 Moreover, 
£ and £ are isomorphic iff " £ ^ :H and £ u :H are so. 

Proof: Since (Z,t) i— > (Zfl [0,f]) is measurable, (^z)ze5[ ()f ].feR+ is a measurable 
family of Hilbert spaces. If we define V^ Z; = y,^h(z s ),,^° h {z t )^ me associativity relation 
|(6~T)| is obvious. Thus both £ > H and £ ^ ^ exist by Lemma IO 
The on/y if direction of the isomorphy statement is obvious. 

For the proof of the if part observe that the Hausdorff measure of any countable set is 
0. Thus ICFPpl implies M j({Z : < #Z < °o}) = for all? > 0. From H' 9 = -E = C = 
£o = H r & and Lemma lOl we derive that both £ u > H and £ M > H are type Ho, related to the 
units 

= /if ({0})- 1 /2 X{0} = (, e R+?A/f £ ^ 0/ ). 

Since an isomorphism of £ ^ and <e m > H fulfils 

eiPjet = pJ, ((M)e/o,i) 

we derive 

eiP^e| = pjf n ((*,Og/o,i) 

Consequently, by Theoreml^this isomorphism is a diagonal operator, mapping fibrewise 
H z into H' z for almost all Z and tensoring with respect to the product structure of H and H. 

Fix fj G fWo, l and regard £^ ' W = /%(dZ)/7 z and similarly ' W = J%(dZ)// z . Then 
01 = J®/j(dZ)0 z where Z : £ z i — > £ z is //o,ra.s. unitary. Since is an isomorphism 
of product systems we find for all t G (0, 1) and /j-a.a. Z that Z = 0^ <g> Z ~ ? . Conse- 
quently, for jU-a.a. Z this factorisation takes place for a countable dense set of t G [0, 1] 
simultaneously. Conditioning pona fixed value of Jj? h (Z) we see that there is at least 
one T G R+, such that r = ^(Z) for some Z where this factorisation takes place for a 
countable dense set of t simultaneously. Since the Hausdorff measure Jif h is continuous 
(all singletons have zero measure) the map 1 1— > J^ 9 (Zfl [0,?]) is continuous. Thus there 
is a unitary : T,j i — ► £r such that 

e = § f ®§^_, (6.4) 

for a countable dense set oftE (0, T) and unitaries /7 Q' T _ r Without loss of generality, 
we may assume that T = 1 and Corollary 17 .71 shows then that £ and £ ; are isomorphic. 
This completes the proof. I 



Note 6.7 Clearly, this is the analogue of the relation between type III and type II W* -factors 
loTl . Somewhat surprisingly, both procedure use direct integral techniques. But observe that 
different from the classification of factors all constructed product systems of the above kind (there 
are different choices of M possible) are type IIo- Consequently, this relation gives us no direct 
information which is useful for the classification of type III product systems. We want also remark 
that our construction is solely related to product systems, we see no direct construction in terms 
of related Zso-semigroups. 

Summarily, for completing the classification of product systems one could concentrate on 
type II product systems now. 

Note 6.8 This relation to random (Hausdorff) measures suggests to study, besides stationary 
factorizing measure types of random closed sets, stationary factorizing measure types of random 
measures. That such an approach is useful we will show in the following example. Moreover, we 
will show in section IQ1 that the latter measure types lead again to product systems, but less is 
known about their structure at the moment. 



Example 6.5 We follow the above construction for general M with |(H-/T) and £ to be 
the type Ii product system, i.e. £, = L 2 ($[ ^n e ). Then H' z = L 2 (^^ h ^ zn[0 ^T[e), but 
additivity and continuity of the Hausdorff measure show that we may equivalently choose 
H' z = L 2 (#[ 0)f ],II v z), where the measure v z is defined through v z (Y) = J? h (Z n Y) and 
the Poisson process U v with intensity measure V is defined in |(3.20)| This shows imme- 
diately that £ M H is isomorphic to T, M , where M 2 is the measure type of a random 
closed set in [0,1] x {1,2}, i.e. a random pair (Z\,Zq), Z\£ G5[o,i]> where Jzf {Z\) G M 
and Zi, conditionally on Z\ , is distributed according to Tl v z. Thus, almost surely, Z2 is a 
finite set contained in Z\ , the latter being either empty or uncountable. 



7 Measurability in Product Systems: An Algebraic Ap- 
proach 

In this section we want to study the role of the measurability condition in Definition QUI 
It will result that it is more or less an intrinsic property of the multiplication encoded in 
the unitaries (V s j) s ,teR + - Although the derivations are quite technical, we see it as a big 
achievement to clarify the secondary role of the measurability condition in the axioms of 
product systems. 

7.1 GNS-representations 

The key idea used in this section is the change from the Hilbert space point of view (look- 
ing at •Ef etc. directly) to an algebraic one. So we will focus on the algebras R st C $ (£1) 
introduced in |(3.8)| The relation between these two aspects is given by the Gelfand- 
Neimark-Segal (GNS-) representation. We will explain the main points of this represen- 
tation now, for more details see, e.g., ifT^l section 2.3.3]. 

Let T| be a state on a C*-algebra Si. I.e. Si is a Banach algebra with norm fulfilling 
\\a*a\\ = ||a|| 2 and T| a norm continuous functional with V[(a*a) > and T|(l) = 1. On A 
we can define an semi-inner product (a,b)~ = r\(a*b). The kernel %i of (•, -L is a linear 
subspace (in fact a right ideal in Si), dividing it out and completing Si/ with respect to 
the respective inner product determines a Hilbert space . Si has a representation tc^ on 

determined through Ttn (a) [b]n = [ab]n where we use the convention [b]n =b J r%_. 



As a special case, this scheme applies to W* -algebras equipped with a normal state. 
V7*-algebras, the abstract version of von Neumann-algebras, are C*-algebras which are 
the dual of a Banach space, its predual. A normal state on a W* -algebra is a state which 
is an element of the predual of the algebra too. In the present paper, we are mainly 
interested in the following two examples. 

Example 7.1 Let T] be a normal state on S (M). Then 



l l 2 a%p x ' 2 
= tr(ap 1 / 2 )*bpV 2 = (ap 1 / 2 ,bp 1 / 2 



([ a UA b U) Hr] = T](a*b) =tr a* bp = trp 1/2 a* bp 



2> 2 (#) 

where <B 2 {9{) is the Hilbert space of Hilbert- Schmidt operators on H (i.e. for b E (B 2 (ltf) 
the operatorb*b is trace-class) equipped with the scalar product {a,b) m i^ = tra*b. This 

shows that [a]n >— > ap 1 / 2 defines an isometric embedding ofH^ into <B 2 {H). 

If r\ is faithful this map is onto and H n = r B 2 (9{). Denote 9{* the adjoint Hilbert 
space of H which is H as a set with the same addition but scalar multiplication X ■ \f — X\\f 
and inner product (\|/,\|/)^* = (\|/,\|/). Then M <g> 9{* = <B 2 (rt) under the unitary map 
\\f ® y i-> | V]/) (\|/ 1 = (\|/ , • ) Further, by the Riesz representation theorem * = H such 
that = fK <S> ■ Observe that this unitary relation is not any more intrinsic but depends 
on the choice of a conjugation realizing 9{* = 0-C . 

Denote t{H) the set of pure normal states on ^(o-C), i.e. r\ E T is given by Tj(a) = 
for a unit vector \|/ E !H or p = Pr^. We see [aj-n =0 if and only if a\\r = 
and ([a]r|, [b]r\) H = (a\|/,M|/) H . Thus [a]^ h- »■ a\|/ is an isometry from into H . The 

choice a = Pry.y = (\|/, •) x/ shows that this map is onto and therefore a unitary. We 
conclude that = H , a key observation for the following construction. Since there is 
never a canonical choice of r\ nor \\f, it is nice that we can connect the different spaces 
(// r) ) Tie2 ,^- ) isomorphic to H in a natural manner. 

Lemma 7.1 The map [a]^ i— > [aPr^y]^/ is well-defined and extends to a unitary : 
Ht\ 1 — ► Hr\>- 

Proof: Clearly, the map is onto. Further, 

(U^[aU,U^r[b] n } H ^ = ([aPr v y]^,[&Pr v y]^)^ 

= (aPr ¥) yV,&Pr V) y\|/)^ = (cNf,b\f) H = ([a] n , [b] n ) H ^ . 



This shows both that U^> respects the kernel of (•,•)- and that it is isometric. This 
completes the proof. I 

Example 7.2 Let M be a measure type on (X,X) and Si = U°(M ). Any normal state 
T] on Si is given byr[(f) = J fdfi, where ft is a probability measure with jj -C M . Since 
[/]ti, = Sfgdfi = <f,g)& m , we see H n = L 2 (fl). 



Next we want to extend the construction of L 2 (M ) (see (2.2) ), which connects the Hilbert 
spaces L 2 (/j), /j E M , to families (iinW^ of GNS -representation spaces. Thereby, t/n 



replaces U^j defined in (2.1) The following result is easy to prove. 



Lemma 7.2 Suppose S is a set of states on a C* -algebra A and 11 = {U^^A-n^es a 
family of unitary operators : i — > H^i, r\,r\' G 5 such that = 1# , T| G 5 and 

tV,^'^' = ^Ayf' OWX^)- (7-1) 

TTzen linear space 

H(R,S,U) = { (Vt,)ti6j : ¥11 e ^Vri 6 5,^' = ^'^V^ri' g 5 } (7.2) 
equipped with the inner product 

which is independent of the choice ofr\, is a Hilbert space isomorphic to each H^, T| G S. 

If for all r\,r\ ; G S the map : H-^ i — ► H^i intertwines the GNS-representations 71^ 
and K^i: 

U^^d) = % n >(a)U n rf, (a ex), 
then H(A,S carries the representation n of PL, 

Example 7.3 It is easy to see that for any measure type M on a measurable space (X,X), 
viewed as sets of states on L°°(M), the relation H(L°°(X, 3L),M , 1l) = L 2 (M ), where the 
unitaries JJ^ j are defined in |(2.1)[ is valid. 

Example 7.4 ExampleUl] shows that H (-3 (ti ) , T (ti ) , 11 ) = H , where T {H ) is the set 
of pure normal states on 9{ and t/n/n' was defined in Lemma UA\ For getting |(7.1)[ we 
need to fix the vectors \\r corresponding to each T| G •p(o-C) in advance. That there is no 
canonical choice to achieve this will present some problems later. 

7.2 Algebraic Product Systems and Intrinsic Measurable Structures 

Now we want to examine algebraic product systems £ = ((£ f ) r >o, (V Sjt ) S)t >o)- I.e., £ ; is 
separable and (V Sjt ) s j>o fulfils |(3~T)1 but we do not impose any measurability requirement 
in advance. We want to show in this section that the measurable structure of a (standard, 
measurable) product system is (upto isomorphy) already determined by its algebraic one. 

First we collect some more notions. Suppose (X,d) is a complete separable metric 
space. Then $x equipped with the Fell topology is Polish iff X is locally compact. But 
$x is Polish under the Wijsman topology which is the coarsest topology making 

Jx9Zh dist(x,Z) = inf { d(x,z) :zeZ} 

continuous for all x ifTTI . Observe that the definition of the topology depends on d but 
the Borel sets on $x coincide for all choices making X complete. Further, they coincide 
even with the Borel sets generated by the Fell topology. On 3\£ (#") one introduces the 
Effros Borel structure lloT] Section IV. 8] which is the o-field generated by the maps 9t i— > 
\\r\x ||, where r\ ranges over the o-weakly continuous functionals on r B(9f) and V[ A is the 
restriction of r\ to Then, by lETTl Corollary IV.8.5] 5\£ (jf) is a Standard Borel space. 
Further, there exist countably many operator valued measurable sections 5\£ (?() 3 Si i— > 
a\ such that {a\ :hgN} is (a-) weakly dense in Bi(r) for all A G fA£(#). This 



means, that the Effros Borel structure is the Borel structure for the topology on 3\£ (rt) 
we introduced in the beginning. 

Let "p(9{) denote the set of pure normal states on "B{9{) which is a closed subset of 
the separable Banach space <B l (9() ={pes(^) : tr|p| < °° }. 

The central result of this section is the following 

Theorem 7 Let T. be an algebraic product system. Then the following statements are 
equivalent. 

(i) There exists a measurable structure on {'E t ) t >Q such that T, is a product system. 

(ii) The unitary group (x f ) feR , defined by \(3.5)\ is a continuous one parameter group of 
unitaries on<E\. 

(iii) The automorphism group (cJ/) reK on l B( r E\), defined by \(3 .9) is weakly continuous. 
Note 7.1 It is well-known that weak measurability and continuity coincide both for (cr ? ) reR and 

( T f)/6M- 

Further, continuity of (<7r) ?GK implies that there is continuous 1 -parameter unitary group 
( u t)teR w i tn Gt{-) = u* ■ u t . This means that there is a character y on R with x, = y{t)u t . The 
surprising point is that x (or y) has to be continuous if a is, we have no other arguments in favour 
of this than the quite complicated proof below. 



The proof of the essential part of this theorem (which can be found on page 1631 relies on 
Proposition |2H] which we prove first. 

Proof of Proposition ^. 7} Suppose we have a measurable family (£r)fe[o,i] °f Hilbert 
spaces equipped with a measurable family of unitaries V S) t '■ "E s ® £f 1 — ► £ s +f, s,t > 0, 
s + 1 < 1 fulfilling Pll Then we fix the family ( f t ) t >o of Hilbert spaces 

7n+t = (£i)® n ®!E„ (»eN,tG[0,l)). 

For defining a multiplication by operators (W J , f ) iS , f >o, observe that j„ +f is isomorphic 
to each of the Hilbert spaces H^, where r\ is a pure normal state on <B{'Ef m ), m > n, 
if T] factorizes with respect to -#o,n-t-f ® &n+t,m = S(£f m ), defining like in |(3.8)| 
For n + t, n' + 1' , n" + 1" consider on H^, where T] is a pure normal state on <S (r,f m ), 
m > n + n' + n" + 2, the operators 

W n+tjn r +t r[a t ] n ® [a t r] n = [a t <^ +t {a t >)\^ 

where {of ) teR is defined on #(£® m ) like (o f ) feR in |(3.9)[ The groups property of o m 
shows that the operators (W s t)s,t>0 are associative in the sense of (3.1) Their definition 
is even independent from the choice of T] and m, as we derive for n,n' G N, £,£ ; > 0, 
£ + e' < 1 that 

W^+ey+e'^ 1 ® • • • ® jc" ® * e ) ® ((y}_ e ® yj) ® (y 2 _ e ®y 2 ) ® • • • ® (yi'_ e ) ®y E /) 
= x 1 ® • • • <g> (jte (8) y}_ e ) ® (yj ®y 2 _ e ) <g> • • • ® (y'/ -1 ®y?- e ) ® (yjf ®y e ') 
6 Ei,JCe,y e e E e ,yi_ e G £i- e ,y e ' G £ e /) 

and for £ + e' > 1 that 

W n+£>n r +E r(x l ® • • • ®x" <8u E ) (8) ((yj_ e ® • • • ® (y'/_ e ®y^') ® (yi_ e Oy^+e.j)) 



X 1 ® ■ • • ®x n ® (x e ®y}_ e ) ® • • • ® (yg 1 ®yi'_ e ) ® (yg' ®yi- e ) ®y e 

(*"' G Ei,x e ,y e G £ E ,yi_ e ,yi_ e G £l-e,y E / +E -i e ^e'+e-l)- 



Plugging in measurable sections for the various x's and y's in these formulae it is an easy 
consequence of measurability of (V s>t ) s t >o s +t<\ mat (Ws,t)s t>0 is a measurable operator 
family too. 

Suppose further that (£f) ie [o,ll arises from a product system £ by restricting ('E t ) t >o 
to the index set [0, 1] . Then it is clear from these formulae (and associativity of (V Stt ) s ,t>o) 
that f = (( Jt)t>a, (W Sjt )s,t>o) is isomorphic to £ as a product system. This completes 
the proof. I 

For the following lemma remember the conventions of intervals on T, being closed 
clockwise arcs. Further, set 

f ifs<t f A s%t if s < t 

Note that both definitions coincide except for s = t. For any s,t G [0,1], let fp^ be the 
set of all pure normal states T| on H (T,\) which factorize like 

r\{ab)=r\{a)r\{b), {a G A M ,b G 

We abbreviate !P[ ,f] to ^ and 2^ n2> f2 D • • • fl T tn to Vt u ...,t„- 

Lemma 7.3 Le? ('Et)t>0 be an algebraic product system for which (o f ) ?eR is G-strongly 
continuous. 

Then { (s,?,T|) : sj G [0, 1] ,T| G !Pr S)t i } C [0, 1] x fP(£i) t5 dosed as well as fPr^i. 
Further, the set ¥ 1 = U?e(o,i) ^ zs measurable inside t{"E{). More generally, for all 
neN se? fP" = Uo<fi« 2 <-<fn<l ^h,-,t n is measurable. 

Additionally, there exists a measurable section (T[t)t€\o,l] through OPf)fe[0,i]- 

Proof: For simplicity, we prove the results for (&t)t€[0,i\ only, the general proof goes 
along the same lines but it is notationally more evolved. 

Consider for < s < s' < 1 the sets Q^y = |t| g fp(£i) : r\(ab) = r\(a)r\(b)\/a G 
&o,s,b G ^. s 'j } which are closed and hence measurable. Since \J s<t ^-o,s is o-strongly 
dense in -#o,f by Proposition 13.41 we obtain rp ? = Ds,y€D:t€(s,s') Q-v' where D = {k2~ n : 
n G N, k = 0, . . . , 2 n } are the dyadic numbers. This shows closedness of rp f . Similarly, 
? n — > ? and T tn 3 T| n — > T| implies T] G Q^y for all 5,5' with 5 < ? < s' since Q^y is closed. 
Thus r| G rP f and { (?,T|) : f G [0, 1] , T[ G ^ } is closed in [0, 1] x fP(£i). 

Now we consider for r, r' G D the set 5^y = n»eNUse2- n Nn[r/] Q*,s+2- n - Then the 
set 5^y is closed and T| G 3^y iff for all n G N there is an s n G 2~"Nfl [r,r'] such that 
T| G s „+2- B - Clearly, there is a subsequence (nk) ke ^ such that — > [j^,^ + 2 _n *] 
is decreasing and C\ke'N[ s n k ^n k +2~ nk ] = {t} for some r G [r,r']. This shows T| G fP*. 
Conversely, if T] G <P t for some ? G [r, r'] then T] G ^y. Thus we conclude that U«e(o,l) ®t = 
Ur.r'eD i s measurable. The generalisation follows from formulae similar to 

(J 2ty= U ^-/nv/". 

0<r<f'<l 0<r<r'<r"<r"'eB 

Since { (j,?,T|) : G [0, 1],T| G !Pr s ,i } C [0, 1] x rp(£i) is closed, the map h-> 
^[v] e t?%, is upper semicontinuous in the sense that for any open set G C fP(£i) and 
5„ — >5, £„ — >J with Gn^L,] 7^ fulfils GfMPu t ] ^ eventually. Thus this map is 
also measurable. HTJ Theorem 6.6.7] completes the proof. I 



For r| G fp(£i) we define the set F(r\) = {t G (0, 1) : T) g } and F(r|) = { (5,?) : r| G 
*[*]}■ 



Lemma 7.4 F(t]) G #(0,1) ^Cn) £ #t 2 / or e G ^(^O- Further, the maps T] G 
!P(£i) 1— > F(t|),F(t|) £ 5(o,i) are measurable. 

Proof: The first assertions follows from the fact that the set { (s,?,T|) : ^ € [0, 1] , T| e 
fPfat] } is closed in [0, 1] x fp(£i). 

For the second one, we observe for all < s < t < 1 that {r\ : F(r\) PI t) 7^ } = 
Ur/eD,i-<r<r'<f * s measurable for all < 5 < t < 1. Since the sets {Z:ZD(j,f) =0}, 
< s < t < 1, generate the Borel a-field on 3Vo,i) tne se t ^ is measurable. The proof for 
F is similar. I 



We also need the following result on (not necessarily measurable) multipliers on R resp. 
[0, 1]. This is necessary to extend some results derived in [5] for usual product systems 
for algebraic ones. 

Lemma 7.5 Suppose m : M 2 1 — > T fulfils for all s,t,r el 

m(s + t,r)m(s,t) = m(s,t + r)m(t,r). (7.3) 
Then there is a function f : R 1 — > T such that 

m M = J^3> (s,teR). (7.4) 

Note 7.2 Formula (7.3) restricted to determines all algebraic product structures on (C) f>0 , 
identifying T with the set of unitaries from C (g) C to C. 

Proof: By Tykhonovs theorem, T R is compact in the product topology. For any finite 
dimensional Q- vector subspace H C R we consider 



Sjj = {/ • R 1 — ► T : / fulfils K74)| for all s,t G #} . 

Clearly, S# is closed. In the following we show that it is nonvoid. 
Let //be fixed, H =L 2 (H 

iHxeH&x) an d define operators (u t ) te H on H by 
Uth(x) =m(t,x — t)h(x— t), (x,t G H) 
It is easy to see that each u t is unitary and 

u s iif = m(s, t)u s+t , (s, t EH). 
Thus, defining automorphisms (a f ) fe # of 'B(fH) by 

a t (a) =u* t au tl (a£S(^)) 

we arrive at 

a J+f = a s oa,, (s,tEH). 
We want to show that there is a collection (v f ) fe # of unitaries in H such that 

a t {a) =v*av t , (a E (7.5) 



and v s v t = v s +t- 

Choosing a basis of H (over Q) it is easy to see that we can restrict ourselves to the 
case H = Q for a while. Now it is well-known that u* t au t = v*av t \/a G (B (^f) implies that 
v t is a multiple of u t . Therefore, 



T = { (v t )te® : |(73)| is valid for all t G Q} 
is compact under the product topology. Define for k G N* 

Tk = { MteQ e T : v p/fe v^ = v {p+q)/k for allp,g G Z } 
Then T k is closed. The choice 



Uy k if f = p/k for some p G Z 
w r otherwise 



fulfils v. s v r = v. s+? for all s,fG jL. Further, for t = p jk and a G % {o< ) we know 
VtdVt = u l j' k au p l/k = u\i k u\i k ---u\i k auij k u\/ k ---ui/ k 

p times P times 

= U\/k°U\/k --- Ui/k{a) =a p /k(a) = a t (a). 

V v ' 

p times 

Thus T k is not void. Since T k > C if k\k! , the family (71)yteN en j°y s the finite intersection 
property and by compactness, D/teN* is nonvoid, let (v f ) fG Q be a member of this set. 
Then it is easy to see that v s v t = v s +t for all k G N for all s,t G VL, i.e. for all s,t G Q. 
This is our desired property. 

Consequently, in the general case there exists a similar representation (v f ) f(E # of //. 
By the preceding remarks, there are numbers {f{t)) t eH such that v f = f(t)u t for all ? G // 
what implies 

f(s + t)u s+t = v s +t = v s v, = f(s)u s f(t)u, = f{s)f{t)m(s,ty l u s+t , (s,t G #) 

and henceforth (7.4) Extending / arbitrarily to a function on R shows that S# is nonvoid. 

Further, 5/// C Sh for H' D H shows the finite intersection property for the sets Sh 
and we find that f] H Sh ^ 0. This shows the assertion. I 



Corollary 7.6 Suppose that m : { (s, t) : s,t > 0,s + t < 1 } i — > T is such that (7.3) 



is 



fulfilled for all s,t,r>0,s + t + r < 1. Then there is a map f : [0, 1] i — > T with (7.4) /or 
a// 5,? > 0,s + t < 1. 

Proof: By the preceding lemma, it is enough to extend m to a map on the whole M 2 in 
compliance with |(7.3)| This is done in a similar way like in the proof of Proposition l3.ll 
(compare Note l7.3l) . Define the map K : [0, 1] i — > T by 

m(e, 1-e) 

k(e) - 



m(l -e,e) 
and M : M 2 i — ► T. 



, „ f K(e) n m(e,e') ife + e'<l 

M(n + e,n' + e') = < , s „, , i , ,_i 

[ k(e)' 7 m(£, 1 -e)m(l -£,e + 8 - 1) 1 otherwise 



for arbitrary n,n' G Z, £,£ ; G [0, 1). From (7.3) we know m(l . 0) = m(0,0) = m(0, 1) such 
that M extends m to IR 2 . It remains to show |(7 .3)1 that 

M(n + £, ri + z' + n" + e")M(n + e',n" + e") = M(n +E+n'+e',n" + e")M(n + e, n + e') 

for all n,n' \n" G Z and £,£',£" G [0, 1). Clearly, it is enough to show this for n = n' = 
n" = 0, but concerning the relations between £, £." we have to distinguish several cases. 

1. £ + £' + £"< 1 implies £ + £' < 1, £' + £"< 1 

LHS = m(£,£ / + £ // )m(£ / ,£ // ) 
RHS = m(e + e',e")m(e,e') 

Equality follows directly from (7.3)| 



2. £ + £' + £" > 1, £ + £' < 1, £' + £" < 1 show 2 >£ + £' + £". 

LHS = m(e,l-e)m(l-e,e+e / + e // -l)~ 1 m(e / ,e // ) 

RHS = m(£ + £ / , l-£-£ / )m(l-£-£ / ,£ + £ / + £ // -l) _1 m(£,£ / ) 

LHS = RHS follows from 

m(e + e' 1 l-e-e')m(e 1 e') = m(£, 1 -e)m(e', 1 -e — e') 
m(l -£-£',£ + £' +e"- l)m(e / ,e") = m(£ ; , 1 -e-e')m(l -e,e + e' + e"- 1). 

3. £ + £'> l,e' + e"< 1 imply 2 > e + e' + e" > 1 

LHS = m(e,l-e)m(l-e,e + e / + e"-l)- 1 m(e',e") 
RHS = m(£ + £ / -l,£ // )m(e,l-e)^(l-e,e + e / -l) _1 
LHS = RHS follows from 

m(l-e,e + e / + e"-l)m(e + e'-l,e") = m(£ / ,£ // )m(l -e,e + e'-l). 

4. e + e' < 1, e' + e" > 1 imply 2 > e + e' + e" > 1 

LHS = K(£)m(£,£ / + £ // -l)m(£ / ,l-£ / )m(l-£ / ,£ / + £ // -l)- 1 
RHS = m(e + e / ,l-e-e / )m(l-e-e / ,e + e / + e" - l) _1 m(e,e') 

LHS = RHS follows from 

m(l -e-e', e + e' + e"- l)m(e,e' + e" - 1) = m(l -e^e' + e"- l)m(l -e-e',e) 

m(e', 1— e')m(l -e-e',e) = m(l -e,e)m(e', 1 -e-e') 

m(e, 1 - e)m(e', 1 — e — e') = m(£ + e', 1 — £ — £ / )m(£, e ; ) . 

5. 2>e+e'+e"> l,e+e / >l,e' + e">l 

LHS = K(£)m(£,£ / + £ // -l)m(£ / ,l-£ / )m(l-£ / ,£ / + £ // -l)" 1 
RHS = m(e + e'-l,e")m(e,l-e)m(l-e,e + e'-iy l 

LHS = RHS follows from 

m(l -£,£)m(£ + £ / - 1, 1 — e') = m(e',l— e')m(l— e,e + e' — 1) 
m(£ + £ / -l,£ // )m(l-£ / ,£ / + £ // -l) = m(e,e / + e"-l)m(e + e / -l,l-e / ) 



6. e + e' + e" > 2 implies £ + £ ; > 1, e' + e" > 1 

LHS = K(e)m(e, 1 - e)m( 1 - £, £ + e' + e" - 2) ~ l m(e!, 1 - e')m( 1 - e', £ ; + e" - 1) _1 

RHS = m(£ + £ / -l,2-£-£ / )m( 2 -e-e / ) e + e / + e // - 2 ) _lm (e 5 l -£)m(l -£,£ + £'- 1)" 1 

LHS = RHS follows from 

m(l-£ / ,£ / + £ // -l)m(l-£,£ + £ / + £ // -2) = m(2-£-£ / ,£ + £ / + £ // -2)m(l-£ / ,l-£) 

m{\ -£,£)m(£ + £ / - 1, 1 -£ ; ) = m(£ ; , 1 -£ / )m(l -£,£ + £'- 1) 

m(e + e' — 1,2 -£-£ / )m(l -e', 1 -£) = m(e, l-e)m(£ + e' — 1,1— e') 

Since this covers all possible relations between £,£',£" the proof is complete. I 

Proof of Theorem^ The statement (I) => (IT) was proved in Proposition l3.21 The implica- 
tion |(ii)]=^|(m)] is trivial. So it remains to show |(iii jj =>|^i31 we use Proposition 13 . 1 1 for this 
purpose. Thus it suffices to show that we can equip ( l Et)te[0d\ w i m a measurable struc- 
ture making (V S:t ) S:t >o )S+t <i measurable. This is done by constructing an algebraically 
isomorphic family (£/) fe [o,l] as (H(Ao )t ,!P t , u'))^^ ^ where we can exploit the measur- 
able structure coming from 3\£ (£i) and f P{ < E\) to define an intrinsic measurable structure. 
A crucial point thereby is that measurability of o implies its a- weak continuity [4 , Propo- 
sition 2.5]. 

For the construction of the spaces H(M.Q )t ,T t , Zl r ) according to Lemma I7?2l the prob- 
lem is the choice of unitaries U* „, intertwining the GNS Hilbert spaces. Following Ex- 
ample EU we assume that there are operators Q r , G Aq t such that 

Since the unitaries (U* ^^rfev, should fulfil |(7.1)1 the operators (Q* ^/^.ife?, cannot 
be chosen freely. For t G [0, 1] and T] G T t denote by P^ the supporting projection of r\ 
in j?o,f- I- e -> ^t) = Fty <S> for some \\f G £ f and T|(Pl) = 1. Now we assume that the 
operators (QL „i 6lP . are chosen in such a way that 

hit 

(i) H = Q\rf{Q\riY and pt n > = (Q^TQ^ for a11 1 e [o, i], *W e **• 

(ii) G^^eV.n" = GW for a11 ' G [°> 1 1' r l' r l / ' r l // G 

(iii) (t y T\,r\ f ) i — > 2^ , is weakly measurable on the closed set { (f, T| , Tj') : t G [0, l],^,^' e 
**}. 

(iv) Q^MQ'^o^ooJ = 0$? for a11 M6[0,1].J + K1 a nd T^' G 

Below we show how to construct (QL „,)^ e;Pt with [(i)] - |(iv)| , but first we proceed along 
the general lines of the proof. Observe that |(I)| and |(ii)| imply = , = (Ql 
and fix <2^ , upto a complex factor. Clearly, these two conditions assure that for all 
t G [0, 1] the family (U* ,) 

Ti,Ti'efP, is well-defined and fulfils |(TT)1 Thus we can set (£/ = 

[0, 1]. 

Now we define a product in ("£/) ie [o,l] by operators (V/f)$,f>o,s+f<i> : £ s ® £/ 1 — ► 
like follows. For s, ? > 0, s + t < 1 and T] G & s ,s+t we set (note that r\ o o_ 5 G rP f ) 



We derive from 
\[%|<5 s (K|oc>_ J )]r|, [^r| 

= Ti(a^o s (fc* 00 _b' noa _J) 



T) (a* )t] (a s (b^ oa _b'^ oa _ s ) ) 



(K'lqOri'e^j ([^'WVeaW (([V'^'Orfe^ ([^VVVe*f)i 



n . . . , . . . T|oO_ s 



that V' st is isometric and thus well-defined on ®H T[OQs . Further, %o,s-%s,s+t is o-weakly 
total in ^o.i+r an d T\ is a- weakly continuous such that the image of V' st is dense. Thus 



V' st extends to a unitary on H-^ <S>H^ oas . Now take another r\' G We find from (iv) 



and (1) 



= [«n' 8tf )T1 CT a (N'°o* firi'oo, floa, ) fijU'lil' 

= [a^Os{b^o« s )Q s ^Q s +^ 
= [a n >G s (b n ' OC!s )} n '. 

A density argument shows that U^(V^ t \\f®)\\f ; ) r] = (V/fX]/® V)^', i.e. the family V' is 
well-defined on <E r . Further, we get for any T|* G ^vs+^+r+r 

(V5,H-r([ a r|]r|)r|e2> s 

= [cir\*Os{br\*oc s Gt{ c T]*oG s oG t ))}r\* = [ a, r\*Gs{br\*oG s )Gs+ti c r\*oG s+t )}'r]*- 



This shows that the operators (V^ t ) s ,t>o,s+t<\ are associative in the sense of |(3. 1) 



For establishing a consistent measurable structure on {{£t)t€[0,i\>(Vs,t)s,t>0,s+t<i)> 
observe that Proposition 13 .41 is valid since its proof relied on the continuity of (o ; ) ;eR 
only. Thus for any a-weakly continuous functional T| on 'B('Ei) the map To.i 3 (s,t) i— > 
||t"U s , || is measurable and consequently To.i 3 (s,t) t— > R Sjt is measurable too. This gives 



us countably many measurable sections («f)f e [o,ii through <B (£i) such that lh { a? : n G N} 
J?o,r- Moreover, using Lemma 1731 we find a measurable curve (%)( 6 [o i] through fP(£i) 
such that r\ t G fP/. Define the measurable structure (e')o as the set of all sections (y f )?e[0 i] 
where \|/ G H(fLo >t ,P t , u') and £ i-> ([af]^,^) is measurable for all n G N. We get 
easily that for another measurable section (fr/) /e [o,i] through {%-Qj) te \Q \\ that the map 



t i-> 



{[<U t Mn t \=M(afTb t ) 



is measurable since multiplication and taking adjoints are weakly measurable operations 
in 'B('Ei). Similarly, we could use another measurable curve (T\' t )te[o,i] w i m tne pre- 
scribed properties. Then 



is measurable what shows that our measurable structure does not depend on (r| ? ) fe [o,ii 
Determine for sj > 0,s + t < 1 the normal state T],^ on $ [ r E\) by 

y\ s j{a s ®a' t ®a'{_ s _ t ) = r\ s (a s )r\ t (a t )r\i- s -t(a(^ t ). 



Clearly, the sheet (r\ Sjt ) s ,t>o,s+t<i is measurable with r^; G Ts,s+t- Now it follows for 
k, Z, m G N and s, f > 0, 5 + 1 < 1 that 



' r \s,t 

i.e., (V/;)^>o,5+f<i is measurable. 

Next we construct a (noncanonical) isomorphism between ( t Et)te[0,l] an ^ ( £ /)?e[o,i]- 
Choose a section (v|/ f ) ?e [o,i] through (£f)/e[o,i] such that 

r\ t (a t ® l El _J = (\|/,,a f \]/ f ) , (? G [0, l],a, G «(£,)). 

We define operators B' t : £/ i — > £ f through 

6j([«Tl® l]ll)Tl€fP, 

It is clear that is well-defined. Since it is isometric and has full range, it is unitary. 
Further, fix s, t > 0, s + 1 < 1 . Then 

and 
where 

Thus, we may choose ClUw = ®b^ t ® t^^Q^^^siQ^oa^Q^,^,. From 
for some m(s,t) G T we find 

v,,e>e; = m(5,oe:. + Xr 

Define a new system (V,"W>o,*+Kl by V' s [ t = (Q' s+t )-% t Q' s (g)Q' t , s,t G [0, l],s + t < 1. 
Then 

shows by associativity (in the sense of |(3.1)| ) of V that V" is associative. Since V' is 
associative too we derive that m fulfils |(7~3)1 By Corollary 17 .61 there is some / : [0, 1] 1 — > 
T such that m (s,t) = f(s)f(t)f(s + t)^ 1 . Defining newunitaries (Qt)te[0,l]> ®t =f(t)~ 1 Q' t , 
we obtain an isomorphism between (e/) ?£ [o,i] an d ( < £t)te\o,l]- Therefore, the image of the 
measurable structure of ("E() t e[0,i\ under (0f)fe[O,i] 1S a measurable structure on (£f) fe [o,i] 
compatible with its product structure. 

At the end, it remains to show that there are operators Q'^ , which fulfil the conditions 



(1) - (iv)[ Clearly, these conditions are fulfilled in the sense of sets, i.e. if we consider the 



set of all possible operators Q f ^ , instead of a single ones. Thus we have just to show that 
there is a section through these sets which fulfils (i) - (iy) pointwise. 

For this goal, we extend the structure a bit and let denote the supporting projection 

of a normal state r\ in Sl[ S) t]- Note that the set Z^, = jg G : qq* = P^\q*q = 



P^i I is (weakly) compact for all s, t G T and T\,v\' G &\s,t] ( m f act ^ * s an i ma g e of T in 
R [st] ). Assume s n — >s,t n — >t,<P [stn] 3T\ n — >t\ g <P [st] , <e [s tn] 3 t\'„ — >r\'eT [sj] . 

n — >oo n — >oo n — n — 

Without loss of generality, we may assume that Ti^T^r^T]' correspond to unit vectors 
9« <E> 5 9 ® ¥; <Pn ® Vm 9 ® factorizing appropriately and fulfilling cp„ ® \\f n — > cp <g> \\f 

as well as (p n ®Y« — >(p<8>\|/ / . Fix a weak limit point/? of (Pn/ n ) gN . Clearly, 1 > p > 
and p G !A S t by continuity of (5, t) 1— »■ f . From uniform boundedness of ( P!" ,f " ) we 



find 



Ti(p) = limTi n ,(<^) = l 



such that p > Pq . On the other side, we find by similar arguments (1 — Pr (p( g )X j / )p(l 



Prqxgy) = 0- From p G R s , t it follows that p = P^' and P^f" — ^Pn' ■ since i 3 -^"/" are 

S t S t S t St 

projections, it follows P^ " — >PJ and by analogy P'," " — >P ) . Without loss of gen- 

erality, we may assume that ri^T^ri^r]' correspond to unit vectors cp„ ®y«,cp® ® 
\\f' nl cp <g> V)/' factorizing appropriately. If g is a weak limit point of (<7 n ) nGN , q n G Z^"'^, we 
know from lower weak semicontinuity of the norm that \\q\\ < 1. Further, we get from 

\\<ln\\ < 1 

1 2 I 1 2 

((p®\|/,^(p®\|/) = lim ((p„®\|/„,5„(p M ®\|/ n ) =1 

11-11 

what shows ||?cp®\|/|| = and <? n (p (g> \|/ — >q<p®\\f. On the other hand, 

P s y/q = w-limZ^"/"g„ = w-limg,, = q 

and, similarly, qP^, = q show that q = zl C§> Pr^y for some z G T. Since Z^, is a 

continuous image of T we obtain Zl"'*/ m SWsCeiI') where BA'Bi'E])) is 

equipped with the weak topology. By JTT1 Theorem 6.6.7] there is a measurable mapping 

T identified with [0, 1) = R/Z acts in a natural manner on fp(£i) x through 
ri,^ 7 ) 1— > (r) oo-s^'otj-j). Since (o f ) feR is o-weakly continuous and periodic this 
action is well-defined on T and continuous. ifTTl Theorem 6.6.7] shows that there is a 
measurable mapping T : £(£1) x £(£1) 1 — > £(£1) x £(£1) such that r(r| o G-^ri' o 
= 7(^,1^') = T(T(r\,r\')). Due to compactness of T and continuity of o there is 
another map 5 : fP (Ei) x £(£1) 1 — > T for which r^r]') = (r| o o_ 5 ( T1 .r,/),^' 00^ ^n) 
for all T) , T)' G £ ( £ 1 ) . These maps are used to define 



V _ / , 5(ri,r|'),/ 5(1!,!!')^ 

?Ti,n' _ c 5(ti,ti') ^r(r,,ri') J 



such that ^to ?+ Ti'oo = ^(^ti ti')- Clearly, q remains measurable. 

Further, <£ (£1) is a Standard Borel space such that there is a measurable total ordering 
-< on it. We set 

ql ifTloo_ 5(T1)Tl0 ^Tl'oa_ s(T1)Tl0 



m 1 ^ ifll=Tl/ 

'I 'I I / „ . \ * 

otherwise 



such that q is a measurable section with 



and 



=s+r,t+r _ / =s.t \ / _ 



=i,f _ / =s,t 



Fix again the family (T|r)re[o,i] use d above and set r|. Si/ = r[ t - s oG- s as well as T\ s ,t',t = 



J,f =s,t 

r r\ — <lr\,T\ Sit 

ifs = min-{V : T(oo_5/( T1 ) G SVfi for some t^s'} = min{ s' : 3t : (5,?) gF^oo,^ ^ } 
where S' is defined as above but from the action of o on <P (£ 1 ) . Observe that Lemma l7T?l 
measurability of 5' and (o t ) teR , and measurability of the map $j 3 Z 1— > minZ imply that 
r is again measurable. Clearly, we can extend this operator family in compliance with 

r/r^ = r^^{ tt%t , t , it' e (s, t) e 7 t ,ti e e [s/] n ay,] ) 

and retaining measurability of r. It is easy to deduce that r^' r +r = a r (r£' f ), too. 

From this we can derive that Q? , = r|j' ? f fulfils all of the relations |(i)l - |(iv)| like 



follows, (iii) is clear. By construction, we have (r™ )* =-Pn and (rn )*r« = P«' such 



that Fr\ r« = r^' f = r^ P^ st . This shows 



^T|,ri'^ri',Ti" - r r\ y n > J V v ti'7 ~ r ^^ni\ r n") ^ \ _ ^,ti"' 
i.e. |(ii)[ In a similar way, <2^, ^ = ^<2^ ^ and Q'^ ^ = are immediate such that 1(11) 



implies (1) To prove |(iv)l fix T\,v\' G & s ,s+t- Then 



0,S I 0, A * / s,s+t 



H IV J r n IV 



0,s / 0,.s ff,J+t 

^ I V V 



0,«+t=0,pS+t / 0,S+f=(Ls+/ 

0,s+f =0,5+f / =0,s+t \ * ( 0,s+t 



r v\ l^s+^no^s+t \lno, s +t,na, s , s +t ) y-r] 

0,s+t ps+t ( 0,s+t 

r T\ r T\oj+ t y^ 

0,s+t (0,s+t\* _ n s+t 

r Ti IV J 



This completes the proof. I 



Corollary 7.7 Let £ = ((£,)*>(>, (V s . ,t)s,teR+) be an algebraic continuous tensor prod- 
uct system. Then all measurable structures on ( t E t ) t >Q, making the family (V s j) s ,teBL+. 
measurable, give rise to mutual isomorphic (measurable) product systems. 

Further, two (measurable) product systems are isomorphic iff they are isomorphic as 
algebraic product systems. 

More generally, two measurable product systems T, and £ are isomorphic iff there is 
a unitary : <E\ 1 — > T,\ such that 0*(^o,?)9 = %0,tfor a dense set oft G (0, 1). 



Proof: In the above proof we saw that (x r ) ?eR induces many measurable structures turn- 
ing (£j)f>o into a product system, depending on the choice of the vectors (i|/?) fe [o,il an ^ 
of / : [0, 1] i — > T. If (£f)j>o is a (measurable) product system, we can even choose 
these vectors measurably and it is easy to see that (Qf)?e[o,i] becomes measurable by this. 
Clearly, this implies that m is measurable and by Corollary of Proposition 2.3] the 
corresponding / can be chosen to be measurable. This shows that (Qt)te[o,i] ls mea- 
surable and the product systems £ and £ are isomorphic. The first assertion follows 
immediately. 

The second assertion follows from the first one and the fact that any algebraic iso- 
morphism 9 : £ i — ► T,' of product systems transfers a measurable structure from £ to a 
measurable structure on £' compatible with the multiplication of T,' . 

For the proof of the third part observe that normality of 0*(-)0 as well as continuity 
of the map 1 1— > fl.o jt implies that 0*(j? J;f )0 = JZ S)t for all s,?6 [0, 1]. From this equality it 
follows that the product systems T,' and 2>' constructed in the proof of Theorem |7] are the 
same. This shows that £ and £ are algebraically isomorphic and the preceding results 
complete the proof. I 

Note 7.3 From these results we see that for onedimensional product systems, all algebraic prod- 
uct structures and all measurable structures are algebraically isomorphic. 



7.3 Product Systems of W* -Algebras 

We want to follow the above developed lines a bit further and summarize our view on 
continuous tensor product systems of Hilbert spaces through continuous tensor product 
systems of V7*-algebras. Recall that a V7*-algebra is the abstract version of a von Neu- 
mann algebra, characterised as a C* -algebra with unit which is the dual of a Banach 
space. Normal states on a W*-algebra are elements of this predual and isomorphisms 
of V7*-algebras map normal states into normal ones. The tensor product of V7*-algebras 
is defined as the spatial tensor product (we can represent both V7*-algebras faith- 
fully on separate Hilbert spaces) ll56l section 1.22]. This abstract notation is useful for 
algebras like L°°(5W ) for which there is no canonical Hilbert space they act on. 

Definition 7.1 We call a family ('Bs,t)(s,t)el c of -algebras continuous tensor product 
system of W* -algebras if 

(W*l) For all (s,t) G Iq^, r G R+ the W* -algebra <B S)t is isomorphic to l B s +r,t+r under 
P*/. Further & + ' r ' t+r o $ s / = p^, for all (s, t) G / ,oo, r, r' G R+. 

(W*2) For all (r,s), (s,t) G /o,°° there is an isomorphism y r ^ Sjt : l B r _ s ®'B s j i — > <B r j such 
that 

and 

Js+rJ+rJ+rO ® = °ls,s>,t, A (s?,t) £ k,«,r G R+). 

Definition 7.2 Two states r[ 1 V[' on a W* -algebra A. are equivalent if the GNS-represen- 
tations %r\ and %^ are unitarily equivalent, i.e. there is a unitary U^^' : H-q i — > with 



U^K^a) = %^(a)U^>, (a G (7.7) 
A type of normal states on Si is an equivalence class of normal states under this relation. 



Definition 7.3 Let ('Ss,t)(s,t)ekoo be a product system of W* -algebras. A stationary fac- 
torizing type of states is a family (S s ,t)( s ,t)€io°° °f sets of normal states on <B s t with the 
following properties. 

(51) All r\ G S s ,t belong to the same type of states on $ Sjt . 

(52) For all s,r6 R+ the relation T| G So. s is true iff\\ o G S r ,r+s- 

(53) For alls ,t G R+, T|. s G 5o, s , T]t G 5o,« state (r| i5 (8)% o (|3?' r ) x ) o y l s+t belongs 
to So >s +t- 

(54) For all t G R+, T| G 5o,f GiVS Hilbert space is separable. 

Note 7.4 The simplest situation is that S s ,t is a complete type of states on ( B s t . The given, slightly 
more general definition is useful, e.g., in Example l8.3l 

Further, the separability condition |(S4)| is not necessary from general reasons. We add it here 
for compactness of notation. 

In the sequel, we use the short-hand notation T| s (8)T| f for the state (T| S (8)T|; o (P^) -1 ) o 
% I s+t e So,s+t an d likewise a s 0b t for the operator Jo, s ,s+t( a s ® $s''(b t )). 

Lemma 7.8 These <g> operations are associative, i.e. 

a r (g)(b s (g)c t ) = (a r (g)b s )(g)c tj (r,s,t>0,fl r e%,J,e8o;,c f e%) 



Proof: The first relation is due to |(W*2)| and the semigroup property of [3 given by |(W*l) 



The second relation follows from the first one by applying the left hand side to the left 
hand one and the right hand side to the right hand one as well as noting that the elements 
a r ® (b s ®c t ) are o- weakly total in l Bo, r+s+t M 



Define for all s,t G R+, r|. v G So, s , % G So,t unitaries Vj ,ll! : H ns ®H^ t i — > H ns<g>ni by 
extension of 



Vj» ' % kit,, ® [^]ti, = k ® ^]n s ®% , £ ^ G «0,r) ■ 



Proposition 7.9 Le? *)e/ 0oo ^ « product systems of W* -algebras, (S s ,t)(s,t)eiooo a 

stationary factorizing type of states on it and 11 = (ll t )teK. + > = (U* ^teR+^'esot 
families of unitaries U* , : i — > H'^, fulfilling \(7 . 1)| |(7.7) an d 

u £Urt*rt v ™ =^K,n'^K^ {s,teR+,r\ r Xeso,,r = s,t). (7.8) 

Then the family <E S > U = ('Et)t>o with the Hilbert spaces "E t =H($o,t,So,t, U l ) equipped 
with the multiplication encoded by (V S) t) s ,t>0, 

(^ )f (V)®(tj/))^ = ^/'Vr, s ®^, (s,teR+), 
is an algebraic product system. 



Proof: By Lemma T, t is well-defined due to the properties of ( U' , ) . By 

|(S4)[ T, t is separable. V S) t is well-defined because of (7.8) as can be seen from 



Associativity of the resulting product is proved if we can show that 

V%#** o ® V**) = V%**>* o (V™ ® 1^ ) 

for r,s,t > 0, rip G 5o, P , p = r,s,t. For this sake, select a G ®o,r, £ € $o,s, c G ®o,f and 
derive using Lemma l7~8l 



V%#** o ( t Hnr ® V#'* ) [«]n r ® [% ® [cU 

= [a®{b®c)] nMAsmt) ) = [{a®b)®c] {r]rms)mt 
= V^' o (VJ^ ® ) [«]„, ® [% (8 [c]* . 

Thus t E s, ' u is an algebraic product system. I 

It would be interesting to know under what circumstance £ has a consistent measur- 
able structure. We have the following result on a necessary condition. 

Proposition 7.10 There is a one parameter automorphism group (j3 r ) ?eR of $o,l> deter- 
mined by 

%(ai-t®b t )=b t ®ai- u (ai_, G B 0) i-fA e ®o,f)- (7-9) 

If for some family 11, the product system <E of Proposition 1 7. 91 /za a a consistent measur- 
able structure and %^ is injective for some and thus all r\ G 5o,l ^« (POreM iS w ~~ *" 

Proof: P f is normal since (omitting several normal shifts $ r st ) $ t = yoj,\-t!Ft% \-tv 
where fx is the unitarily implemented, thus normal, flip from 2?0f ® <B t \ to $o l-f ® 

_____ /V 

®i_ f) i. It is a short computation similar to the proof of Proposition 13 .21 that P is a one 
parameter group of automorphisms. 

On the other side, if the GNS representations n r[ ,r\ G So.i, are faithful, measurability 
of (j3/) ?eR is necessary since it is the restriction of (0/) feR . I 

Note 7.5 We conjecture that the condition is also sufficient but at the moment we have no proof 
for this. But, for the special cases of type I factors and abelian W* -algebras Theorem and 
Section l8Tl respectivelv solve these problems. 

Similarly, we do not know anything about existence and uniqueness of £ in its dependence 
on <B and S . 

Example 7.5 A first example of this result was used in the proof of Theorem [7J There 
the choice was <B SJ = J^ sj , So. t = T t with the tedious choice ofU* , vis. Q'^ , to obtain 
both measurability and compatibility. The derived product system was the original one. 
Measurability of (o f ) feR yielded a consistent measurable structure on £ . 



Example 7.6 As another application, let £ be a product system and use as S s ,t the sets of 

faithful normal states on R Sjt . The unitaries Z/w are defined by C/n jT i' [«]t| = [ap /1//2 p~ 1//2 ] 
on a suitable set of operators a such that [a]^ is dense in H^. The above corollary gives 
us a product system { < E t )t>o, T, t = (H Ti ) r , eSot . By Example I7.il we know that H-^ = 

•E t ® £*. Thus, the product system £ is just £ <g> £ *, where £ * = ((£*)f>0, (Vs,f)s,f>o)- 
Observe that £ * <g> £ * = (£ s <g> £ f )* by definition of the tensor product and V s ,t is unitary 
on £ * <g> £ * too. 

Whether £ = £ <g> £ is aiso valid, as suggested by the discussion in Example U.ll is 
not clear. This depends essentially on the question whether £ = £ *, i.e. on the construc- 
tion of antiunitary conjugations (C t ) t >o on (£f)r>o such thatC s+t = C S ®Q. 

Similarly, we could consider for a general product system ofW* -algebras the set S s ,t 
of faithful normal states on Sl st and base the operators U' , on Connes' cocycle [22J. 

The derivation of product systems from product systems of L°° spaces is the subject of 
section[Hl As preparation, we compute the flip (x f ) f£R for the product system T, s,u . 

Lemma 7.11 Suppose A is a C* -algebra, T| a state on R and (3 an automorphism of A. 
Then there is a unique unitary u$ ,r] : i — ► H^-i defined by 

" p '>]Ti = [P(a)]nop-i, (aea). 

Proof: Clearly, 

= ^r\Ma*b)))=T ] (a*b) = (laU,lb} 1] ) n . 
Since the range of wP ,T| is total, the operator is unitary. I 

Lemma 7.12 Suppose 5o,l is a maximal type of states. Then for all t G [0, 1] and r\ G 5o,i 
also T] o p\ G 5o,i- 

Proof: We know that there are r\ t G So,t, T|j_ f G 5o,i-r- Further, by the preceding lemma, 
we know that T) ~ Tj implies T] o (3 f ~ T] o We conclude from that 

ti ~ Ti'^ ®% ~ % (gri;^ = OrU ® %) o p\ ~ r| o 0, 

and the proof is complete. I 

Lemma 7.13 Suppose additionally to the assumptions in Proposition U. 91 that 

U„ ft „, s w^' n = w^'tW 

Then 



Proof: Suppose \|/ G £1 fulfils for some b t G $o, r , «l-f G $0,1-;, T| f G 5o,*, T\i- t G 5n,l-f 
the relation x^/ ^ = [ai_ f (8)^]^' g,^. Then, denoting ^ the flip between H^ t and 
, we derive 

= v^foh® [ ai - t ] n[ _ t 

= [&(ai_ f ®&f)] w /_ ( . 

We conclude for = \- a U[- t mt that Wti,®^, = [M a )]r\,®r\\_ t or = 

M P«> T li-t® T l«\]/ Ti , gr| . From this the assertion follows easily. I 

Note 7.6 We could derive the tensor product structure even if the algebras S r v and commute, 
generate S,-,, and there is a state r| such that r| (ft r , A , ) =r \(b r ,s)f\{bs,t)- In fact, such factorisations 
imply essentially that S r , = $ r>s (g) S i f 1611 Exercise 1(b) to section IV. 5]. An application of that 
result could be similar results for C* -algebras, where the tensor product need not be uniquely 
determined. Use of C* -algebras would make it more easy to define states, but we refrain from 
complicating things here without need. 

The above introduced structure could equally be defined with indeces in [0, 1] and using 
Proposition 13.11 This would allow us to consider all W* -algebras as von Neumann subalgebras 
of a fixed We could simplify notations a little bit by considering the algebras ®o,( only, 

but we think the above presentation shows a more clear division between shift (vis. p) and tensor 
product (vis. y). In the proof of TheoremQwe found already this separation useful. 

Continuous tensor product systems of W* -algebras should be a basic structure for the con- 
struction of (generalised) quantum Markov processes and quantum Markov random fields, see 

GUSHES. 



7.4 Product systems and Unitary Evolutions 

Now we want to show how to use product systems of JV*-algebras and the correspond- 
ing Hilbert spaces H(JZ,S, 1l) to construct for all product systems an £o- semigroup it 
belongs to according to equation (1.1) Before we state the main result, we need some 
preparations. 

Again, we use the sets Qjj as defined in Lemma 1731 



Lemma 7.14 lf<E ^ (C) f > then 2>(£i) D Ue(o,i) 

Proof: We assume that t[t,\) = U?e(o,i) ®t- This would imply that 

*(£l) = U <v- 

s,s'el,0<s<i'<l 

Obviously, each Q, s / is closed and we conclude from Baires theorem of categories that 
one Qjj contains an open ball. Denote its centre by T), which should correspond to a 
vector \|/. Then we know 



(\j/,aMjir) (\jir,\jjr) = (\j/,a\jjr) (tpr,Wpr) , (a G A 0>s ,b G 



for all \j/ in a ball around \\r. Inserting \jjr = \]/+8\|/ with an arbitrary vector \\r' and e > 
small enough into this equation we arrive at 

(\|/ + £\|/,aZ?(y + e\|/)) (\|/+e\|/,\|/+e\|/) = (\|/ + e\|/,a(\|/ + e\|/)) (\|/ + e\|/,fe(\|/ + e\|/)). 

Comparing the terms of first order in e gives us 

((V,ab\\f) + (\\f,ab\\i / )) (\|/,\|/) + (\|/,aM|/) + (v» V» 

= ((V,a\|/) + (\|/,a\|/» (\|/,M]f) + (\M¥) + (V»*V»- 

Using this identity for \\f' too (\[/ was arbitrary) we find 

(y,aM|/)(\|/,y) + (y,^V>(vW) = (vW) +(¥>«¥) <V^¥> , 

(a g ^ 0)SJ ^e^',i) 

what leads to 

ab\f (\|/, V)/) + (\|/, aM|/) \|/ = (\|/,M|/)a\|/ + <a\|/) (a G Ao jS ,be ^i). 

Multiplication of this equation by another G ^ i and using the same formula for ab'b\\r 
gives us with = 1, r|(a) = 

aZ/M|/ + r|(ap)ZA|/ = V[(b)ab'\\f + r[(a)b'b\\f 
-Tj (afc'b)\|/ + T) (&'6)a\|/ + r| (a)£'M|/ + r| (ab)b f \\f 

= -tj (^)t) (a6')\]/+ ri (o)r| (£')a\|/ + r| (o)r| (a)6'\|/ + r| (a)b'by 
—r\ (a)r\ (b'b)y + r| {b'b)ay + r| (a)r\ (b)b'\f 

= -r\ (b)r\ (a)r\ (b')\\f + 1\ (b)r\ (b')cNf + r\ (b)x\(a)b'\p 
T\{b'b){a\?-T\{a)x?) = T\(b')T\(b)(a\\r-T\(a)\y) 

Since Jlj i is noncommutative, there are certainly b,b' G \ with r\(b'b) ^ r\(b')r[(b) 
what implies that a\\f = T|(a)\|/ for all a G ^o,s- Consequently, r| (a*a) = T|(a*)r|(a) which 
is impossible on the same grounds. This contradiction completes the proof. I 

Originally, the following was a combined result of [4, Theorem 3.4], ll52l Theorem 
3.4] and [7, Corollary 5.17]. We aim here at a more explicit construction in terms of a 
Hilbert space H(R , S , U ) . Type I factors A C <B [H ) are von Neumann algebras isomor- 
phic to some 2? (#"')> i- e - there is a unitary w : // i — > H' ® 9-(" for another Hilbert space 
such that wilw* = <g) \ h „. 

Theorem 8 For all product systems T, there is a separable Hilbert space H and a 
strongly continuous one-parameter group (Yf) ?£ R of unitaries together with two com- 
muting type I factors &q\ and Am with j? ) V A\q such that 

f s *[oysQA[o, (s>0). 

Further, 

T, ! t = {ue Sip : Jrbj^u = ubMb G A[ } , (t > 0) 
together with the multiplication u s ®u t = u s u t is a product system isomorphic to £ . 



Proof: Again, we will construct H as some H(si,S First, we define the correspond- 
ing C*-algebra Jl as a so-called quasilocal algebra. 

We consider the V7*-algebras (^-s,t) s<t given by representations on various Hilbert 
spaces r E r ® T, r i, r, r' G N, as follows 

' l £?+r ® -B (£ f _ s ) ® l E _ t ®1 E , if-r<s<?<0 

N v ' 

C2?(£ r ) 



l £j+r ® B (£_,) ® <B (E f ) (8) l £/ _ ( if-r<5<0<?<r / 



-v ' v *- 



l Er ® 1e, ® ® (Er-i) ® if < 5 < ? < r 7 



C«(E,,) 

All these embeddings to <B (£ r <g> are consistent with the natural embeddings 

£(£ ri )<g)?B(2v Wl E ®®('E ri )®!B('E r /)®l E , C ® (£ r J ® ® (Zy ), 

I z 1 2 — 1 



for ri < r2, r'j < r^. Thus there is a unique C*-algebra Si = \J s<t %-s,t- This C*-algebra 
can also be thought of as the (unique) infinite tensor product (8)pez$ (^l)- The latter 
structure gives us injections (j P ) peZ , j P '■ 1 — ► such that the images of j p ,j p >, 
which are A p , p +i and commute for p ^ p', and UpeZ j P (® generates 

Further, there is a unique discrete automorphism group (E„) neZ determined via 

Znj P (a) = j P +n (a), (n,pe 1) 

and the requirement that E n : j? m OT / i — > R m+nm f +n should be a-strongly continuous. 
Next we want to extend (E n ) neZ to an automorphism group (E ? ) /eR . Define 



E / fa) = / (°^ a ^ a G *o,i-'+l/J 



where (o ; ) ?(ER is the shift group defined in |(3.9)| Again, the additional requirement that 
E f : A r)S i — > ^r+f,.s+? should be a-strongly continuous fixes E f . One obtains immediately 
E^ 1 = E_ f . Further, we obtain for < s, s + ? < 1 

E,(E,( Jp (a))) = {^°^^ ^J' 1 ^ =W))- 

In the case 5 + 1 > 1 the calculations are similar. This shows in general E s oEf = E i+f . 

If T| G fP (£i) is a pure state there is a natural (locally normal) state r\°° on given by 
extension of 

vC{a- n ,m) =rf [n+m \a-n,m), (n,m G N,a„ ;m G %— n ,m) 

with regard to = S (£„) <8> £ = ® (-£ 1 ) lg ' w+w . The GNS representation space 

H-^ of r\°° is naturally isomorphic to an infinite tensor product Hilbert space. Choose 
\\r G £i with T| = (\|/, • and define a linear space 



9{q — lh < Q£) h p : h p = \\f for all but a finite number of p G Z 



equipped with the unique inner product such that 



h P ,®h' p ) = Y[{h p ,h' p ). 

This inner product is well-defined and tt§ is a pre-Hilbert space. Its completion is de- 
noted (8'p e z' El = -^0- Obviously, 0^ >eZ l E\ is separable. The isomorphy between 
and (g)^ eZ Ei is based on the fact that <g) J eZ Ei S ® J eZ p<n Ei <g> <g> ® J eZ p>m £1 
naturally for all n < m G Z. With this identification the maps [a„ : , M ] r |~ i— > ®p e z p<„¥® 

(an,mV 8 " n_n ) p>m > l / ^ orm an inductive sequence which extends to J? . 

Next we want to establish operators C/^fj : /fq i — > //fj which obey |(7.1) For that 
reason choose automorphisms On « on 25 (Ei) such that f] o 0^^ = T|. Further properties 



need to be fulfilled, but again we collect all of them at the end of the proof, see (1) - (v) 
and show how to fulfil them. Now the maps <5®"}T n on A n m possess a unique extension 
to an automorphism E-q fj of fL. Clearly, fpoE-^fj =T| °. Setting £/ T1) fj[a] T |°° = [^,fj(fl)]fi" 
we obtain 

( u w[ a U~> u wl b U~)i\ = (l^,fl( fl )]Ti-»[^,fl(*)]Ti->f| = 'n"(2n,fi(fl*) E Ti,fl(*)) 

= irMtfb)) =vT(<fb) = <[«]„-,[%•>„. 

Since En* is an automorphism the image of « is full and [/« « is unitary. Further, the 
relation CTfj «/ o 0™,^ = Gr|,fj' would imply |(7T) To get the Hilbert space of interest, we 
restrict our attention to the set = {r\°° : r\ G t' } of states on where 

fp'= {tj g rP(Ei) :ri ^ T 2 and, if rj G ^^thenri =^001/2}. 

In the following, we use also the notation rp/ = fp f n fp'. Now = , 2>°°, ?i ) is well- 
defined by Lemma 17^1 

Now we want to transfer the shift given by (L t ) teR to H = H(j% , fP OT , 1/ ) . We define 
for T| G 

(Yt([flfi]fj-)ll6ff')Tl"oE-« = [2^(«T])]T|-oZ_ r , (t G R). 

Suppose now for all r|,fj G ? that o t o o^fj = c^oa^fjoa, <^ and o^fj = o^ f <g> 
according to ®(£i) = ®(£i_ f )(g)S(E / ). Then we obtain for f G [0, l],p G Zand a G #i_f 

Snoo_„f|oo_, 2t(7p(fl)) = 2riQO_„fioo_ f (7/»(Of(a))) 

= 7p(<5Tioa_ t) fioa_ J (^( a ))) = 7p( a ?( <y Tl,fl(«))) 

and for a r G 

^T|oo_,,fjoo_, oZ t (j p (a)) = ^oc-tft°a-tUp+l( a ti a ))) 

= jp+l(ar\oa-,Aoa- t (Gt(a))) =7^+1(^(0^^(0))). 

Local a-strong continuity of (E f ) feR and the fact that E„ commutes with both Enoa_,,fjoa_, 
and E f , show 



Enoo_„f|oo_,°E* = Ef oEl ifl' (? G R,T|,fj G fp{_J 



Consequently, C/ T100 _ ij fj 00 _jL r (a)] T1 -oo_ t = Pr|,fj °Zt(a)] n °°oa- r = Pf °^n,i\ («)]ti°°oc_ ( and 
we have shown that the definition of (y) f£ R does not depend on the choice of T|. Further, 



(yt([a n }r\°°) 

= (Pf(«T|)](rioo-,)" 5 P?(^ri)](r|oo-,)~) 
= Ti-oE_,(E,(a;)E,(^)) 

= Tl°°(fl^Ti) = ((Mtt)^*', [^]il 0C )iies''>/ / (^ :2 >, w ) 

shows that y is in fact well-defined and unitary, y^ = y_ f and y,+f = y s y are immediate 
from the corresponding properties of (E f ) feR and (o f ) f(ER . 
Choosing a^fj measurably depending on T|,fj, we find that 

is measurable due to o-strong continuity of (c^) feR . Thus (jt) te ^ is weakly measurable 
and due to the fact that £ i an( ^ tnus ) is separable, (y ) feH is continu- 

ous. 

Of course, J? = where .3" = U/<o-^/.o and .# + = U/<o-^o,/ and both sub- 

algebras are commuting. Let being the GNS Hilbert space of the restriction of T] to 
Sl + and define //^ similarly. Now consider the map : i — >■ ®H+, 



V^[a a + ]r,~ = [a <g> [a + ]r,» 



From 



= Ti-((a-)^-)ri-((a + )^ + ) 

= r\°°((a-)*b-{a + )*b+) 

= vT{{a-a + Yb-b + ) 

= ([a-a+]^[b-b + ]^) 

we derive that is well-defined and unitary. Further, E r) fj(^ ± ) = shows that 
Ut\,f\V§ = V*(U n fl <g> U n ft) and CAi^^f = ^f- The latter gives us Hilbert spaces y{ ± 
such that there is a unitary V° : H(fL ,P,tl) i — > ~ <8> # + . Further, set J?r = ® 
®(i^ + ))(y )* and see y^o"^ C A[ . Thus (y f ), eK reduces to an £b-semigroup (af) t >o 
on this type I factor. 

Now we want to establish that T,' is isomorphic to £ . By Proposition 13. 11 it is enough 
to establish isomorphy on (2;/) ?e [o,i] and (£r) fe [o.i]- To understand (y) reR better, fix 
some r| = (\|/, -\|/) G 2> ; such that itf = as remarked above. If < t < 1 and 

Tli-f G consider a = UpeZ^i-t^i^i-^i-td) for operators a^_ t G A p> p+i-f» 

a^_ f j G & p +i-t,p+i with only finitely many operators different from 1. By the GNS 
construction, we find 

v 



where jcq 1-( = [a^ i_ t ]r[ X _ t ■ Now it is easy to see that 



pel, 



such that 



yt[*]rr - 09 u ' x l-tA ® tfi-**o,i-* ( 7 - 10 ) 



e£,®El_ r =El 



for some unitaries t/ f G s(£r), t/i-f G S^., such that G^^oatfti-, corresponds to U t (g> 
Ui - t . This shows, regarding H + = <g) J eN £ i = £ f ® £ i_, ® J eN \ {0} £ l that aj( « + ) ) 

1 E< <g> <B ('Ei-t) <£> ® (®p e N\{o} ^ ow ^ * s i mme diate to see that £/ and £* are isomor- 
phic also under preservation of tensor products, at least for < < 1, s + t < 1 since 
setting^ =<g>J eNU0} £i 

aj + ,(s(#+)) = l El+f 0® (Ei_,_ f ) ®!B(#i) = 1 E ,® l E ,®®(#i) 

=aj(«(^+)) 

This shows that £ and £' are algebraically isomorphic. Using Corollary I7.7l we conclude 
they are isomorphic as product system. 

All the above derivations are true provided we find a family (o^fj)^^ of o-strongly 
continuous automorphisms of 2J (T,\) such that 

(i) fjoo^fj =TiforallTl,fi G <£' . 

(ii) Ofj.fj'OOii,^^ for all T|,fj,fj' G . 

(iii) 0\- t o On.fj = O^oof.fjoo, ° for all ? G [0, 1], T|,fj G 

(iv) If t G [0, 1] and T|,fj G fp/ then, regarding T,\ = T, t ® t E\- t , o r] f\ factorizes as a^fj = 

fi ® oi.^f for two a-strongly continuous automorphisms & -owb ( < E t ) and G*^[ 

Mvl 'Ivl 'I'M '1' I 

on«(£i- ( ). 

(v) The map (r|,fj) i— > o-^fj is pointwise a-strongly measurable. 

We construct now automorphisms in the form a^fj = V^fj • V** for unitaries V^fj. Before 
we proceed to the definition of Vnfi, we need additional ingredients. 

Suppose we are given a complete orthonormal system (e n ) neN in some £ f . We derive 
from a pure state T] a vector /q with T] (Piyi ) = 1 . Then the Gram-Schmidt orthogonalisa- 

tion procedure for the sequence (/« ) neN with the chosen /q and = e n ,n E N, yields 
a new complete orthonormal system («n) neN - Obviously, if (e„) neN and /q are chosen 
measurably then (^«) neN is measurable too. We will assume this is true by choosing a 
measurable section of complete orthonormal systems through (£f)?e[o,i] in advance. 

Further, 2 , (£ 1/ / 2 ) is a Standard Borel spaces. Thus there exists a measurable total 
ordering on it, which we fix. Moreover, let I : N i — > N x N be a fixed one-to-one 
map with 1(0) = (0, 0) and denote by h, fo its components. 



For every state T| G T ! we define now an orthonormal system like follows. 

I ,,2 

i(«) hw 



First we consider r\ = r\} ®r\l_ t G T t . 1ft < 1/2, we define e„ = e}\ n \ ® e ^\ n ) whereas 



for t > 1/2 we set e„ = e^(n) ® e /i(nV ^ n ^ e ° aSe ? = wnere ^1/2 = T li/2' we define 

i 2 

ej] = ® e hln)- L ast ly' we set $ = en for all T) G t{t,\) \ fP 1 . Then our goal is 
accomplished by setting 

v^ = e (« g N) . 

Namely, follows from /(0,0) = and the properties of (^n) ne ^. |(ii)| is easy to verify. 

1 ? a 1 -9 

The relations |(iii)| and |(iv)| follow from V-^^n'i ®e n ' 2 = e n \ ®e n \. Finally, measurability 
follows from measurability of F(r\) and measurability of T] i— > e„. This completes the 
proof. I 



Note 7.7 A look at (7.10) shows that the shift on H is not just a usual shift on an infinite product 



Hilbert space. This is due to the fact that r\ is not a (£ f ) reR invariant state on SI. May be, with 
this idea one is able to do the construction without reference to a whole bundle of Hilbert 
spaces just on a single Hilbert space <S>JeZ £ i- Nevertheless, it should not be easy to fulfil the 
compatibility relations on U t ,U\- t needed in equation (7.10) for (y f ) feK to be a unitary group. 
Here the flexible structure of H(si , tP°°, U ) helps a lot. 

Note 7.8 The sets F(r\) have an interesting structure. In fact, it is easy to see that £> E = {F(r\) : 
T| 6 2> (Ei) } is an invariant of £ . E.g., it is easy to work out that in the type /„ case © E = { (0, 1) } 
for n = and 2> E = 3Vo,i) for n > 1 what implies the same formulae for type II„ product systems 
since the latter contain the former as subsystems. From the above work it seems that at least in the 
type III case £> E contains a lot of information. We leave here just the indication that this structure 
might be interesting for further study. 



7.5 Additional Results on Measurability 

At the end of this section we provide some results referee to above. The following exis- 
tence of measurable direct integral representations was needed in section |6j For a Stan- 
dard Borel space Y, let L°°(Y) denote the C*-algebra of bounded Borel measurable func- 
tions on Y normed by the supremum norm. A representation n of L°°(Y) is called normal 
if 7l(sup„ eN /„) = sup„ eN 7t(/„) for all bounded increasing sequences (/ n )„ eN C L°°(Y). 

Lemma 7.15 Suppose X ,Y are Standard Borel spaces and (H x ) xe x is a measurable fam- 
ily of separable Hilbert spaces carrying a family {% x )x^x of normal representations of 
L°°{Y) such that x h- > % x (a) is measurable for all a G L°°(Y). Then there is a measurable 
family (H x ) x ex,yeY of Hilbert spaces and a measurable family (p x ) x ex of probability 
measures on Y such that H x = f® /x x {dy)H x . 

Proof: We describe first an algorithm to derive a direct integral decomposition H = 
J® /u(dy)H y from a representation % of L°°(Y) on H without reference to Zorn's lemma 
like P31 1551 l"P21. So let us fix a faithful normal state T| on and a sequence 

W)neN c W e ^ : IMI = 1 } wmch is dense in {\|/ G H : ||\|/|| = 1 }. Then we set 
k = 0, Hq = H and iterate 

(1) Choose the first n& G N such that 

T1(PV, ) ^ l/2max{ri(Pr v ) :yeH k , ||\|/|| = 1} . 



(2) Compute Hk+i as orthogonal complement of n(L 2 {M ))^ k - 

(3) Define a new sequence (y« +1 )„ eN c{fG H k+l : ||\|/|| = 1 } by projecting ^ 
onto fljt+i, normalising it if the result is a non zero vector or discard this vector 
otherwise. 

(4) Increment k and go to step (1). 

Depending on whether for some k G N it happens = { } or not, there result finitely 
or infinitely many iterations. For the sake of simplicity, let us assume an infinite iteration. 
From lH3l Proposition 7.3] we know that n \ii k eH k+ i is isomorphic to the canonical rep- 
resentation ilk of L°°(!M ) on L 2 [pk), fik being defined through / fdfik = ), 

/ G L°°{M). 

s 

We want to prove now that ®£eN(^4 ©#jt+i) = M , or Pr# t >0. Define the 

£— >°° 

Hilbert subspace = O^eN^k by Pr# M = s-lim^oo Pr^ , which exists by monotony of 
(-fffc)fceN an( ^ su PP ose 7^ {0}- Then we obtain from faithfulness of r\ some y G //oo, 
||\|/|| = 1 with ri(Pr ¥ ) = c > 0. Since C i/ fc for all A: G N, we obtain r\ (Pr v * ) > c/2 for 

all £. Now, the sequence (VnJ^N * s ormonorma l an d EfceNP 1 "^ < V/teN(l ~~ = 
1-Pth. < 1. Thus 

1 = ri(l) > T]( £ Py ) > £ ri(Pr v , ) > £ c/2 = «, 

which is a contradiction. Thus //oo = {0}. 

As a consequence, n \ H is isomorphic to the direct sum ©^n 71 \H k eH k+l = 
TCjfc depends only on the measure /j^. Taking /j = Y,keN2~ k Mk, we get {BkeN^ivk) — 
L 2 (/j'), with the o-finite measure // = EjteN^ / Mk(dy)$y,k being defined onFxN. Un- 
der these unitary equivalences, K transforms into the canonical representation of L°°(y) 
on L 2 (n'). Disintegrating \I with respect to the first component in Y x N (which has 
distribution /u) gives a kernel p. Like in section[6]we derive H y = L 2 (p(y, •)). 

At the end, we want to use this algorithm to obtain measurable direct integral de- 
compositions. So fix a measurable family (H x ) xe x of Hilbert spaces. The measurable 
structure allows us to choose a measurable section (T[ x )xex of faithful normal states on 

s(// x ). Then step (l)-(4) above lead to Hilbert subspaces H£, k = 1, Since there 

exists a countable generating algebra inside L°°(Y) and the representations n x are normal, 
the corresponding measures \£ depend measurably on x, i.e. jh> / fd/^l is measurable 
for all / G L°°(Y). Now disintegration of measures on Standard Borel spaces is a mea- 
surable operation, see e.g. J62, Lemma 6.11]. This shows that the family (Hl) x€ x,yeY is 
measurable and is measurable too. The proof is complete. I 

In the beginning we mentioned that our definition of measurability in product systems 
differs from that one used in literature previously. Here connect both approaches. 

Lemma 7.16 Let H be a Standard Borel space with a measurable projection p : J{ i — > 
(0,°o) such that p ({t }) = H t , t > are Hilbert spaces and H is Borel isomorphic to 
(0,°o) x / 2 (N) under afibrewise unitary map. Suppose further that there is a measurable 
associative multiplication on H such that all restrictions to tt s x H t are bilinear and 
correspond to a unitary W Sjt : H s <8> Mt 1 — > ^s+t- Set ?Cq = C, define Wo )t ,Wt ; ofor allt>0 
as trivial operations and equip (^t)t>0 with the measurable structure generated by the 



preimages of the measurable sections through (0,°°) x / 2 (N). Then ((?(t)t>0, (W s ,t)s,t>o) 
is a product system. 

Conversely, if £ is a product system with dim T, t = °°, t > 0, then there is a Standard 
Borel structure on 9i = \J t>0 'E t such that the fibre map p : H i — > (0,°°), p\T, t = t, is 
measurable and the multiplication determined by x s y t = V S) tX s ®yt, s,t>0, is measurable 
and associative. Moreover, the above procedure leads again to the product system £ . 

Proof: The properties of the measurable structure on (#j)f>o are provided in Propo- 
sition 1.15]. Thus it is sufficient to show |(3.1)| and measurability of (W s t)st>0- Suppose 



x s € Ms* yt ^ tt s , z r e M r - Then by associativity of the multiplication 

W s ^ +r {l Ms ®Wt,r)x s ®yt®Zr = W s j+ r x s ®y t z r = x s (y t z r ) 

= {X s y t )z r = W s+t;r X s y t <g> Z r 

= W s +t,r(WsS®t 9{r )x s ®yt®Zr- 

Using the remarks before Lemma 6.18 in flj, multiplication is measurable iff for measur- 
able sections (x t ) t > , (y t ) t >o, (z t ) t >o (s,t) ^x s y t is measurable, i.e. (s,t) ^ (x s y t ,z s+t ) is 
measurable. This is exactly the same as measurability of (W S) t) s ,t>o- 

For the proof of the converse direction, let £ be a product system with dim £ f = °°, 
t > 0. By the Gram-Schmidt orthogonalisation procedure we obtain measurable sec- 
tions (h'f) t> Q, n£N through ("Et)t>0 such that for all t > (/?") n eN 1S & complete or- 
thonormal system in Sending h t E tt t to (t, ({h t , e?) n ) we get the desired bundle 
isomorphism of Oi = U?>o £ < to (0, °°) x / 2 (N) which we can make an Borel isomor- 
phism by imposing the preimage Borel structure on H . Multiplication is introduced by 
x s yt = V Sjt x s ®y t , s,t > 0. A similar calculation as above shows that (3.1) makes this 
multiplication associative. Measurability was already shown above. 

It is clear that constructing a product system out of H we arrive again at £ . This 
completes the proof. I 



8 Construction of Product Systems from General Mea- 
sure Types 

We want to shed some more light on the construction of product systems by £ f = L 2 (M t ) 
with M t being a measure type on a suitable space X t . Our key observation is that L 2 (M ) is 
just a bundle of GNS Hilbert spaces (H^)^^ . So all we need to look at are conditions for 
using Proposition l7.9l and conditions for measurability like mentioned in Proposition l7.10l 
and given in Theorem |7] These conditions are build in the first subsection in such a way 
to be applicable in the following subsections, dealing with examples for this construction. 

8.1 General Results 

Before we present the general theorem, we need some preparatory lemmata which are 
more or less folklore. We add them since the necessary conditions derived in these lem- 
mata show that the construction is the most general one we can hope for in the present 
context. 

First we want to know which spaces of square integrable functions are separable. 



Lemma 8.1 For a probability measure on some measurable space (X,X) the space 
L 2 (/j) is separable iff L°° (X , /u) is isomorphic as W* -algebra to some L°°(X' ',//) for a 
Borel probability measure // on a Standard Borel space X' . 

Proof: If L 2 (jS) is separable choose sets (Y n ) neN C X such that (%y„)„ eN is total (in L 2 (jS)) 

in the set {%y : Y G X}. Then i : X i — >■ {0, 1 } N = X', i(x) = (%Y„(x))neN is a map 
from X to the Polish space X' , which is clearly measurable. Set // = //or and define 
j : L~{E,tl) .— > L°°(X,ai), /(/) = /o /. Assume / = ^u'-a.s. Then 

J/u(dx)\j(f)(x)\ = J / u f (dx')\f(x')\=0 1 

i.e. _/(/) = /j-a.s. and j is well-defined. Moreover, j is a normal homomorphism. Simi- 
lar we prove that it is injective. Assume it is not onto. Then j(L°°(X' is not dense in 
L 2 (fi). Since j(L°°(X' ',//)) contains the total set (%y„)„ eN , this is a contradiction. 

Since any Standard Borel space contains a countable algebra of sets generating the 
Borel sets, the reverse direction is obvious. This completes the proof. I 

Further, the operator algebraic notion of equivalence and the measure theoretic one coin- 
cide. 

Proposition 8.2 Let /u,/u' be two probability measures on a measurable space (X,X). 
Then they are equivalent as measures iff they are equivalent as states on L°°{M) for any 
measure type M , m ,^2 -C M . 

Proof: Since the unitary L/„ y is multiplication by a measurable function (see equation 
|(2.1)| ), the only if direction is immediate. For the proof of the if direction, assume the 
states induced by fx,f/ are equivalent. The corresponding intertwining operator U defines 
a vector \\f = U[l]^ G L 2 ^'). Then 

< ¥ , v(/)v> = = ([iuu*^(f)u[i},) = <[iw/)[ig = j fd/u 

shows that the normal state induced by \\f on Ti f /(L°°(X,X)) is /v. Suppose Y G X fulfils 
fi(Y) = 0. This implies [% Y \n = and we derive all / G L°°(X, X) 

MXy) \f\p = MXrK(f) = MfKiXr) [l]f, = %(/) [%y] m = 
such that TifiiXy) = 0. We obtain 7y (%y) = C/^(%y)C/* = what shows that 

^(y) = <[%,v(^)[%> = ° 

and fj fj. fj fj follows by symmetry. I 

Next we want to derive conditions on n ensuring that L°° (/j) factorizes as L°° (p) = L°° (//i) ® 
L°°(n2){= L°°(/di ®//2))- Before, we state a more general lemma. 

Lemma 8.3 Let X,X' be Standard Borel spaces and fM be measure types on them. 
Then L°°(X, M ) = L°°(X',M') as -algebras iff there is a measurable map i : X 1 — > X' 
with 

m' = m or 1 

such that for all f G L°° (M ) there is some g G L°°(M ') with 

g(i(x)) = f(x), (M—a.a.xeX). 
Especially, the assertion holds ifi is a bijection. 



Proof: Observe that g \— > g o i defines a normal unital homomorphism from L°° (X' , M ') to 
L°°(X, M). Our task is to prove it is injective and onto. The former was already proved. 
The second conditions is exactly the requirement that this homomorphism has full image. 
This shows the if direction. 

The only if statement is trivial in the case that X (and thus X') are countable, since 
we can identify the points in X with the minimal projections in L°°(X 1 M ) (upto sets of 
measure zero). If X and X' are uncountable, we find a Borel isomorphism i\ from { 0, 1 } N 
to X' . This isomorphism gives us a sequence of sets (i^) n€ ^ c being the images of the 
sets { (*jt)jfceN :x n = 1 }• Under an isomorphism j :L°°(X,5tf) i — > U°{X,M), 7 _1 (%y^) is 
a projection in L°° ( <M ) . Thus we may choose Y n <EX such that %y„ = j~ 1 (jCy ) • Naturally, 

we define z'2 : ^ 1 — >■ {0, 1 } N by 12 (x) = (5Cy„(x))neN- Choose z = z'i o/ 2 , then normality 
of 7 and the monotone class theorem establish the assertion. I 

Corollary 8.4 Let M , M\,M2 be measure types on Standard Borel spaces X,X\,X2 re- 
spectively. Then L°°(X, M ) = L°°{X\ x X2, M\ ® iW 2 ) as W* -algebras iff there is a mea- 
surable map i:X\X X2 1 — > X with 

such that for all f G L°°(M\ ® iW 2 ) there is some g G L°°(M ) with 

g(i{x\,X2)) = /(xi,x 2 ), (M\ -a.a. x\ G X\,M.2 —a.a. X2 G Xi)l 
In the same way, one can prove 

Lemma 8.5 ((3 f ) fe [o,i] is aw — ^-measurable family of ^-automorphisms of L°°(M ) iff 
there is a measurable function h : [0, 1] x X 1 — > X with 

p\ (/)(*) = /(/t(?,x)), (f G [0, l],fW - a.a. xeX)M 

Definition 8.1 Let (Xs,t)(s,t)ei 0o <, be a family of Standard Borel spaces with the following 
properties: 

(XI) For all (s,t) G /o,oo, r G R+ ?/ze space X^ z'5 isomorphic to X s+r j +r under a mea- 

1 1 s.t . ,1 s.t s+r,t+r s,t 

surable map s r with s r+r , = s r , o s r , 
(X2) For (r,s), (s,t) G 7o.°° zizere z's a measurable map \^ Sjt : X^ x Xj jf 1 — > X r;r with 
\s',t (ir >s / x Idx s , , ) = ir )S / o (ld Xrs X V s ,y jf ) , ((r, s) , (s , s') , (V, G 7 ,oc) 
and 

h+ r ,s'+ r ,t+r°(K ,S ' x < V ) =S S /°V,(> ((s,s'), (s',t) G /o,oo, r G R+). 

TTzen a stationary factorizing measure type on {Xs,t)( s ,t)ei «, zs a family 9# = (^s,r)(i,t)e/ „ 
of measure types, each M s j on X Sjt , with 

M s+r j +r = M s j o (s s /)-\ ((s,t) G /o,oo, r G R+) (8.1) 

and 

^ = ^ ® oi~l f , ((r,j), (5,0 G V). (8.2) 



Note 8.1 Relation |(8.2)| is weaker than expected from a factorisation property. We need addi- 
tionally a kind of non-overlap condition like provided in |(8.3)| below. Nevertheless, the weaker 
construction is also of interest. E.g., one could look for Levy-Khintschine type characterisations 
of convolution semigroups of measure types on R corresponding to families (cp f ),>o of probability 
measures on R fulfilling 

q>s+t ~ <Pi-*<Pf- 

Now we can present the main result of this section. 

Theorem 9 Let (M Sjt )t s A e i 0oo be a stationary factorizing measure type on (Xs,t)( s ,t)€i 0oa - 
Suppose that for all (r,s), (s,t) G 7o,°° and f r , s G L°°(5Vf r ^), f s _ t G L°°{M s ,t) there is afunc- 
tion f rt G L°°(M r f) such that 

fr,t O h;s,t = fr,s®fs,t, (M r>s ® M S)t - O.S.). (8.3) 

Then £ OT = (:E f ) f >o with T, t = L 2 (fMo,/)> t G R+, and ?/ze multiplication 
(V s ,t(Y) ® (V))^( / /o S7 1 ) = ® o io,,,,+/, (^o,*+* - a.j.) 

defines an algebraic product system. 

T/®~ is a product system iff additionally to the above assumptions there is a measur- 
able function h : [0, 1] x Xo.i i — > Xq .i fulfilling 

io,l-f,l(*l-f,*l!t(*ir)) =K t ^0,l-t,l(x t ,S t ' ~'(xi_ f ))), 

(/ G [0, l],fWo,p -*> tXo, P ,P = t, l-t). 



Following (62|, we equip for any measure type M the set L°(5tf ) of all 5Vf -equivalence 
classes of measurable maps with the topology of convergence in measure. It is metrized, 
e.g., by 



1 + 1/-/' 

for some n G M . Observe that the topology does not depend on the choice of p.. Further, 
this introduces a concept of measurability which is equivalent for Standard Borel spaces 
to existence of a jointly measurable version and, for L 2 -valued maps, to measurability as 
Hilbert space valued map. 

Proof: We want to use Proposition 17 .91 and set = L°°(X S)t , M s ,t)- Ms.t defines a fam- 
ily S s ,t of (faithful) normal states on <B S f. Further, the isomorphisms and y r>Sjt are 
implemented by s r f and \ sj respectively. The first assertion follows by application of 
Proposition l7.9l the above lemmata as well as the fact that 

A „ fay) = t-WjtW 



what implies (7.8) 



This second result relies additionally on Proposition 17.101 Theorem |7] and Lemma 
18.51 The first and the last establish necessity of the existence of h. For sufficiency, 
observe that the Lemma guarantees that the one parameter automorphism group 
defined in Proposition ^. lOl is weakly continuous, i.e. 1 i— ► / d/j$ t (f) is continuous for all 
/ G U°(Mq^),hE 3^0,1- Since the Radon-Nikodym derivative (//,//) i— > is measurable 



Lemma 6.1 1] as well as multiplication in L?(M ), we derive that 1 1— > J ^pf$r(/) is 
measurable. On the other hand, we know that from Lemma 17.131 that uP'f = %(f) what 



results in 



and shows that there is a consistent measurable structure on T. m . I 

The description of a consistent measurable structure needs a little more work. We intro- 
duce G-fields fj t C Xo,r 5 £ K+> Ov) £ 7o,r in the following way. J r f consists of all 
sets Y C Xoj for which there is a Borel set Y' C Xo,r with 

XY°\Q,tJ=lY'®Xx l , T 

fMo it <%> fWf,r-a.s. Similarly, F G ^ fulfils 

and we define ^ = jJ T n 5 J r 

We have canonical embeddings L°°(5Wo,r) = L°°(Z 0) r, r T r ,^o,t) C L OT (5Wo,f)- With 
these embeddings (which are consistent by associativity |(X2) of the family i), there exist 
consistent families (ju t )t>o of probability measures /j t G Mqj m the sense that 

w fr(%)= ft , (o< s <t). 



Corollary 8.6 The measurable structure determined by all sections (^t)t>0 such that for 
allT > and there exists a measurable function f : WL+ x Xqj 1 — ► C wi7/i 

/(?,io,f,r(^,JCT-f)) = (¥f)ft( x 0> (0 < f < T,Mo it -a.a. x t ,M t j-a.a. x T - t ) 

for a consistent family (jXt)t>Q of measures on (Xqj) >q tarns £ OT = (£ ; ) ; >o mto a prorf- 
wct system. 

Proof: Clearly, for all \|/ G L 2 (£^o,f) there is some measurable section such that % = \|/. 
It remains to prove that the multiplication on £ OT is measurable. From Proposition 13.11 
we derive that it is enough to restrict to (y S) t)s,t>0,s+t<l- We obtain from consistency of 
(Mt)t>0 for three measurable sections \|/ 1 ,Y|/ 2 ,\|/ 3 corresponding to measurable functions 
/ 1 ,/ 2 ,/ 3 on[0,l]xX , 1 that 



(V 1 s+t ,v s>t y 2 s ®y 3 t )= f fi(s+t,x)J f^^i-s-t tff( sx ) f *(tXs,x))n(dx). 

J y d/j s (g)/j t (g)iJi- s -t 

Similar to the proof that the algebra valued map (s,t) i— > R Sjt is continuous (see Propo- 
sition EH), we derive that the family ( J l s j)( s .tek i) * s measurable as defined in (l6"2ll. 
Further, this result and measurability of (Pf) jeR imply for consistent families (/J t )t>o that 
the maps (s,t) i— ► ^u^+f (8)jUi_ iS _ f and (5,?) 1— > /j 5 (g)/^ (g>/ii_y_ f are measurable. Measur- 
ability of Radon-Nikodym derivatives ll62l Lemma 6.11] and measurability of integrals 
complete the proof. I 



Note 8.2 By Proposition 13.11 and an analogous construction for a continuous product system of 
Standard Borel measure spaces, it would be enough to have a family (X s ^ t )r s A^ )l of Standard 
Borel spaces with the corresponding structures restricted to [0,1]. 

Standard Borel spaces are either finite, isomorphic to N or Borel isomorphic to { 0, 1 } N = 
[0, 1]. We want to show now that the second is impossible within the structure of station- 
ary factorizing measure types on Standard Borel spaces. 

Proposition 8.7 Suppose that {^s,t)(s,t)eio^ ^ a stationary factorizing measure type on 
Standard Borel spaces (Xs,t)(s,t)ei „ which are all countable and fit into the above theo- 
rem. Then M Sjt = { 8 Xst } for some family (x Sit )( s j)ei ,~- 

Proof: Since L°°(d\{ s j) is generated by its minimal projections, there are no nontrivial one 
parameter automorphism groups of it. Consequently, the automorphism group (|3 r ) ;eR 
defined in Proposition 17 . 1 01 is trivial. Thus, P1/2 maps L°°(iWo,i, ^1/2) both into itself 
and L 00 (fWo ) l>^ r i/2 1)' ^ e '' k° m algebras coincide. On the other side, there is a /j £ Mq,\ 
such that an d \ are independent. Consequently, these o-fields are fMo,i" a - s - 

trivial and the same is true of 5qV Therefore, Mq 1 and thus each of the M st consists of 
a single Dirac measure. I 

Corollary 8.8 If one of the measure types (^s,t)( s ,t)€i 0a o cons ^ sts of discrete measures, 
the resulting product system is isomorphic to (C) f>0 .l 

Corollary 8.9 Let (M S)t )u t \ €lo ^bea stationary factorizing measure type on (X S)t ) ( s j)ei x 
which fits into the above theorem. Then all the measure types M s ,t have at most one atom. 

Proof: We could restrict M s%t to the space of its atoms X~ t . Provided X® t 7^ 0, the propo- 
sition applies to the pair X°, 971°, M® t = { /u : /u ~ M s j \ X® t } . Since M s ,t is positive on 
its atoms, this shows that X® t is a singleton. I 

Note 8.3 If one (and thus all) M s ,t h as an atom, say x sf , it is easy to see that 

(u t )^=ij({x Q j})- l / 2 % {xoi} 

defines a unit of £ OT . In this sense, product systems from random sets are typical (as long as L is 
compact). 

On the other side, M Sjt need not have an atom for units in £ m to exists, see Example 18.21 

Note 8.4 It would simplify matters considerably if all product systems could be derived as £ OT . 
It is not clear whether this is possible but we conjecture it is not for the following reason. 

Namely, E^ carries a natural conjugation (i.e. antiunitary) mapping / € L 2 (/li) into its com- 
plex conjugate / which extends to L 2 (Mqj) since C/^v is multiplication by a real (in fact positive) 
function. Consequently, if £ = £ OT then the conjugate product system E* (see Example I7.6t is 
isomorphic to E . Therefore, any product system with £ ^ E * (which are likely to exist in view 
of the now many counterexamples in product systems) would provide an example for a product 
system which is not of of the form E m . It could even not derived from the set of faithful states on 
a product system of W*-algebras (see end of Example l7.6t since these carry the intrinsic modular 
conjugations. 

Another equivalent, but seemingly useless, formulation is the following: There exists a prod- 
uct system of maximal abelian W*-algebras inside (£ f )) ?>0 . 



8.2 Product Systems from Random Sets 

This section is dedicated to the proof of Proposition 14. II Thereby, we have to analyse the 
events {Z: ({?} xL)nZ^0} for t G [0,1]. First, we consider singletons L here. 

Lemma 8.10 For a quasistationary quasifactorizing measure /u on d[o,i] there are only 
two possibilities 

(i) n{{Z :teZ})= Ofor all t G [0, 1], or 

(ii) /j({Z:teZ}) = I for all te [0,1]. 
The latter happens for /j = Sm v only. 

Proof: From quasistationarity it is clear that it suffices to prove that 

(iii) < n({Z : t G Z}) < 1 for all t G [0, 1] 

cannot happen, so let us assume that |(iii)| is true. This means that (Pt)ts[Q,lh Pt = 
X{z-.tez}(') 1S a set °f nontrivial projections in L 2 (fi). 

Separability of L 2 (fi) shows that there is a countable set Q C [0, 1] such that (P q ) q eQ is 

w 

weakly dense in [Pt)te\o 11- Assume we have a sequence (q n ) n<E fq C Q with P qn >P t 

J" 

for some t, this is equivalent to %{z: q „ez} > X{z-.tez} ■ In order to show lim,,^^ q„ — t 

n — >oo 

assume lim,,^^^ = t' ^t. We introduce a-fields and J t + as the /j-completion of the 
o-fields generated by the random variables Z i— > Zfl [0, t) and Z i— ► Zfl (t, 1] respectively. 
From (Zi UZ 2 ) n [0,?) =Zi n [0,0, (Zi UZ 2 ) n (f, 1] =Z 2 n (t, 1], and equation |gTT7)] we 
derive that and J f + are independent under no.t */j t ,i- Thus t' < t implies %{z-.tez} = 
j" — lim n _ >0 o5C{Z: ? „£Z} is J( W ')/2~ measura bl e - ( - )n tne omer side, it is ^^^-measurable 
and therefore noj t+t n / 2 * Wt+t') /2,l -independent of itself. This happens only if it is almost 
surely constant contradicting nontriviality of P t . The same arguments show that for each 
t G (0,1) there cannot be two sequences (<?«) w6N , (q'n) n eN c 2' Qn tn^°° t, q' n l n -*oo t 
withAi-lim B _ H »X{Z: 9 >,6Z} = X{Z:rez} = ^-^n^l{z-. q ' n ezy Due to density of (P q ) qeQ 
in (/?)/>o this amounts to say for each t G [0, 1] either mf{d w (P s ,P t ) : s < t} > or 
inf {d w (P s ,P t ) : s > t } > if d w is some metric for the weak topology on the unit ball 
B\{® (L 2 (/j))). Quasistationarity of /j implies that either of these relations is true for all 
t G [0, 1] simultaneously. Without loss of generality, assume mf{d w (P s ,Pt) '■ s < t} = 
for all t, i.e. X{z-.tez} is 7t -measurable. 

So, fix t G (0, 1) and / G L°°(//o,f) and denote \ t a version of %{z-.tez} which is measur- 
able with respect to the a-field generated by Zfl [0,?). Consider Y = {Z:ZH (t,t + l/n) ^ 
0Vn GN}c{?eZ}. Since Y G f t + is independent of {Z : t G Z} G J f ~, we conclude 
that y is a null set. Therefore, for all t G [0, 1) the random set Zfl (t, 1] is closed almost 
surely. 

The Baire theorem on categories tells us that there is at least one £ > such that the 
closure of {t : /u({Z : t E Z}) >£} contains an interval, around to say. Thus we find a 
sequence (t n ) neN , t n j to, t n > to with /j({Z :t n eZ}) > e. Consequently, 

n({Z:t n eZ for infinitely many kgN}) = p(f] [J {Z : t k e Z}) 

= lim/i((J{Z:fceZ}) 
> limsup/j({Z : t„ G Z}) > £. 



But the set {Z : t n G Z for infinitely many n G N} is contained in y, which is a null set. 
This contradiction shows that |(iii)| is not possible. 

If |(ii)| is valid, ^/-a.s. q G Z for all q G Qfl [0, 1]. Since Z is closed, Z = [0, 1] almost 
surely and /u = 8r 0) i] results. I 

Note 8.5 In fact, such a non-atomicity result is valid at a much more abstract level. All what 
is needed is that we can almost surely recover x t >,x t n from i ,« i{k) t' t"( x t',y), x t") f° r arbitrary 
t'<t". 

Lemma 8.11 Let n be a quasistationary quasifactorizing measure on 3jo,l]xi/ Then 
there is a maximal closed set L' C L such that any measurable Y C L with fi({Z : ({ t } x 
y ) HZ ^ }) > Ofor some t G [0, 1) fulfils YHL'^fd. For this l! almost surely [0, l]xL'C 
'/.. 

Proof: We define 

L' = {I E L : fi({Z : (t,l) G Z}) > for some t G [0, 1] }. 

Like in the above lemma, it is possible to restrict ourselves to one t, say t = 1/2 and 
iu({Z :(?,/) G Z}) = 1. Then it is easy to see that L' is closed. 

It remains to prove that p({Z : ({t } x L\L f ) HZ ^ 0}) = for all t G [0, 1]. Since 
L\L' is again locally compact, let us assume that L' is empty and fj({Z : ({t } x L) HZ 
0}) > as well as /j({Z : (t,l) G Z}) = for all t G [0, 1], / G L. By a-compactness 
of L, we derive that there is a compact K cL with ^({Z : ({t} x K) HZ ^ d}) > for 
all t G [0, 1]. Since 7t(Zn ([0, 1] x K)) is again a quasistationary quasifactorizing random 
closed set for the projection n : [0, 1] x L i — > [0, 1], we derive from the above lemma 
that n({Z : ({t} xK) DZ ^ 0}) = 1 for all t G [0,1]. Dissecting K we find a decreasing 
sequence (^„) neN , £ n C isT, with diamif,, < 2"" and ju({Z : ({f } x £„) HZ ^ 0}) = 1 for 
all ? G [0, 1], m e N. Since flneN^ = { / } for some / G L by compactness of K it results 
ju({Z: ({f}x{/})nZ^0}) = 1 which contradicts ju({Z: (/,/) G Z}) = 0VZ G L. This 
completes the proof. I 

Proof of Proposition \4. 1 \ We need to establish the conditions for application of Theorem 

m 

So we can assume the analogue of Define the maps i rjSjt : d[ r , s ]xL x $[s,t]xL 1 — > 
d[ r ,t]xL by ir,s,t(Z\,Z2) = Z\ U Z2 and s r (Z) = Z + r. We need to show that for all / G 
L°°(fW r!i j) there is some g G L oa {'M r4 ) such that 

g(Z„ U Z s f) = /(Z v ), - a.a. Z r , 5 , af ff)f - a.a. Z v ) 

and a similar condition for all / G L°°(M S f) since this implies the general condition. The 
proof for the latter is the same, so take / G L°° ( M^ s ) and set g (Z) = /(ZR ( [r, s] x L) ) . We 
know for M ns ® {Z\,Zq) that ({5} x L) DZi = {j}xL' = ({j}xL) nZ2 where 

L' is taken from the above lemma. Therefore, (Zi UZ2) R ([r, j] x L) = Z\ M r ^ s ® M s j-a.s. 
and this part is proven. 

For proving measurability, set h : [0, 1] x d[o,i]xL 1 — ► 5[oj]xl 

h(t,Z)=z+t, (re[0,l],Ze^i]) 

where the RHS was defined at the beginning of section 14.11 on page |23l Clearly, h is 
measurable and Theorem completes the proof. I 



8.3 Product Systems from Random Measures 



Consider the space the set of Radon measures on IR + . Under the vague topol- 

ogy, 9JIr + is a Polish space ll3T1l . Similar results are valid for the spaces 3Jl[ Jif ] of finite 
measures on [s,t]. Further, a natural choice of i r , s j '■ 9R[ r ,s] x ^%,r] 1 — * ®R[r,t] ^ s 

Further, the shift is implemented as s t <p(B) = cp(5 — t) . Having fixed this, we call a family 
M S f of measure types on Wl Sjt stationary factorizing measure type on 9JTr + if it fulfils 
|(8.1)| and |(8.2)| Similar to Proposition ^. H one can prove 

Proposition 8.12 Every stationary factorizing measure type M on 9Hr + gives rise to a 
product system (£/^)fe[o,i]-l 

Note 8.6 Observe that the map q> ^ supp cp G 5r + is measurable. Thus every stationary factoriz- 
ing measure type M on 971r + yields a stationary factorizing measure type M on Jr + ■ Despite the 
cases discussed in section |4] there is only one additional one: It may happen that supp(p v ; — \_Sit\ 
almost surely. This may lead to nontrivial product systems. E.g. if cp is an (infinitely divisible) 
Gamma Random Measure [23 Exercise 6. 1.2] the resulting product system is of type La. 

Example 8.1 Conversely, some quasistationary quasifactorizing measures on 3k + can 
be canonically related to distributions of random measures. 

E.g., a set {t {,..., t n } G dt) t j corresponds in a one-to-one fashion to the measure 

q> = S ?1 H h 8 tn . Thus we could define the Poisson process Tig as well as distribution 

of a random measure. 

In the same spirit, the zero set of a Brownian motion (see Example \4.3\) corresponds 
almost surely one-to-one to the restriction of a certain Hausdorff measure to this set [45 1. 

8.4 Product Systems from Random Increment Processes 

We start with an example. 

Example 8.2 For a Brownian motion (B t ) t >o we define "E t = L 2 (Jf((B s )o< s < t )). Inde- 
pendence of the increments of Brownian motion and the Markov property show Ts+t = 
<E S <g> <E t by 

(B s )o<s<t+t') ^ ((B s )o< s <t,(B s +t — B t )o< s < t i)). 

The well-known Wiener-Ito- Segal chaos decomposition states that £ f is isomorphic to 
r(L 2 ( [0, t\ , £)) . The isomorphism is given by multiple Ito-Integrals: 

(/»)„eN^E/ / •••/ f(h,...,t n )dB tn dB t2 dB h . 
*&Jo Jo Jo 

(the series on the right consist of iterated ordinary Ito-Integrals). Clearly, this isomor- 
phism respects the independence of increments, what shows that <E = T(C). On the 
other side, we could generate <E t in an equivalent manner from the distribution of the 
Brownian increments (B s — B r )o< r<s < { . 

This examples leads us to consider increment processes. Define 3r + to be the set of all 
maps £, : 7o,°° 1 — ► K. with 



$(r,0 = S(r,j) + $(j,0, ((r,s),(s,t)e V) 



(8.4) 



and the property that the map (s,t) i— > £,(s,t) is (jointly) cadlag, i.e. it is right continu- 
ous and has limits from the left everywhere. Similarly, we have also 3 SJ , (s,t E 7o,°°), 
equipped with 

r if t'< s 

[ if s'>s 

and the obvious shift. Again, there is the canonical notion of a stationary factorizing 
measure type on 3r + . 

The set of cadlag functions is Polish lfT6l Theorem 12.2], thus one can prove similar 
to Proposition ^. II 

Proposition 8.13 For every stationary factorizing measure type 94 on 3r + the bundle 
T, M = (£/%>(), 'Ef =L 2 (^ ,f) is a product system! 

Note 8.7 Clearly, every increment process £ corresponds to an ordinary process (£J t )t>o with 
cadlag paths, = ^(0,?) via = % — ^. Conversely, any process (^)?>o defines an increment 
process £, in this manner, although we loose the information about £,' this way. Identifying a Radon 
measure (p with its distribution function = (p([0,?)), we see that the set of product systems based 
on increment processes includes in fact the set of product systems induced by random measures. 

Note 8.8 An interesting generalisation are multiplicative increments, where in |(8.4)| the + is 
replaced by •: 

5(r,f) = £ > (r,s)£,(s,t), ({r,s),(s,t) G 7 ,«) 
where £, takes values in some Polish semigroup. We just mention some examples. 



If ^ is [0,°°)-valued, this reveals equation (5.2) But, £,(s,t) need not to be a bounded random 



variable. If £ is positive, we can take logarithms and come back to |(8.4)| On the other side, 



03(s,t) = 5C{(0,~)}(^( J )^)) fulfils (9.4) Assuming sufficient continuity of t, this relates such multi- 
plicative increment processes to a pair of a random set and an additive increment process (which 
is possibly oo). 

Another example would be T- valued increment processes which correspond to adapted shift- 



equivariant unitaries (i.e. the analogue of (3.11) is fulfilled). Such unitaries are in one-to-one cor- 



respondence with automoiphisms in the same manner like adapted shift-equivariant projections 
correspond to product subsystems, so this structure could be important to study automorphisms 
of product systems. 

If the range of £, is not a group, we cannot recover an ordinary process (^) f >o from its in- 
crements. The simplest example is {0,1} with multiplication. Then increment processes corre- 
spond to bisets introduced in Section |9l see Proposition !9.2l below. under continuity assumptions 
to closed sets. 

Summarisingly, increment processes deserve further explorations, may be with modification 
of the continuity properties as the next example and the next section suggest. 

Which types of product systems could arise in these constructions? Obviously, both 
constructions allow type I. But we recover also the type II examples from section 14.41 
connected with Hausdorff measures, identifying Z with (ZCl •), where h : M + i — ► M + 
is the scaling function or the increment process £,(s,t) = Jt? (ZD (*,£]). As ll66ll62l show, 
we can also derive type III product systems from increment processes. 

Example 8.3 Tsirelson considered in 11521 generalised Gaussian processes W with 
covariance 

EW(f)W(g) = [ £(dt)£(ds)f(s)K(t-s)g(t) = (f,g) K 



where k is a positive definite function with f £(dt) |k(?) | < °° and k(Y) = t ^a t \ for small 
positive t and some a > 1 . 

We can create a Gaussian increment process (£,s,t)( s ,tekoo) by 

^(s,t) = w(x [s , t] ), 

and totality of indicator functions in the reproducing kernel Hilbert space H K of K (i.e. H K 
is the completion of L 2 (K + ) in \\ ■ || K ) shows that £, contains the same information as W. 

Clearly, £, is stationary and we see that the respective laws of the restrictions £, s>t E 3 Sjt 
of £, to I st form a stationary factorizing measure type. A problem is whether £, has a 
cadlag modification since standard conditions like [16, Theorem 15.7] are not directly 
applicable. At least, (s^s'.t.t') i— > F£,(s,t)^(s',t') is continuous since (s,t) ^ X[ s ,t] £ H K 
is. Thus £ is continuous in probability and \ is determined by countably many values 
£,(s,t). This shows that there is a Standard Borel structure supporting this probability 
measure and by Lemma IQl L 2 (Jzf (£)) is separable. Since the Standard Borel structure 
enters the proof of Theorem^only through that lemma, L 2 (M) is a product system. 

Observe that in the present example it is enough to consider instead of the whole 
measure type only the Gaussian measures from this measure type. The latter set is easily 
shown to fulfil \(SW^4j\ in Definition f7Jl 



9 Beyond Separability: Random Bisets 

In this section we want to discuss briefly, what problems would appear if we dropped the 
separability condition on the fibres of a product system. If Ei is not any more separable, 
the notions of weak and strong measurability are not any more identical and Proposition 
13 .41 and Propo sition 13 . 21 mav break down. Further, this may happen for algebraic product 
systems. Therefore, we want to understand what we really have to add to the relations 



Pr;=PrA». (M,(j,t)e/o,i) |(3~T0) 



to get a version of Theorem d i.e. random closed sets, in more general situations too. 
Thus we think it is instructive to analyse these relations on their own. In Theorem [T] we 
analysed projection families which were additionally adapted what implied continuity 
in Proposition 13.41 We are interested, to what extent the result stays valid without the 
product structure. From a projection family with |(3.10") we build new projections as 



P+ = VVh*> (0<J<1) (9.1) 

£>0 

P7 = V P *-^> (0<J<1). (9.2) 

£>0 



Proposition 9.1 Let be a Hilbert space and {^ s ,t)(s,t)eio i oe projections in n(H) 
which fulfil |(3. 10)1 an d Po,i 7^ 0- Then for all normal states r\ on s(^) there exists a 
unique probability measure /u^ on 3ro,i] with 



^ ({Z : Zn [s h n] = 0, i = 1, . . . , *}) = ti (P,, ■ ■ ■ P Sk A ) , (( Si , u) e / ,i ) WW 



#P+ = P7 for all se (0,1). 



Then, ifr\ is faithful, the correspondence 

X{z-.zn[s,t]=<b} ^ p v (faO e 7o,i) 

extends to an injective normal representation 7p ofL°°(p^) on with image {P.?,/ : 

(5, f) G 7o,i }' . Moreover, p^ -C //-q /or a// normal states T|' on (2 ). 

Proof: The proof of the direction parallels essentially that of Theorem [TJ The only 
thing we need as substitute of Proposition 13 .41 is the relation s-lim„^ooP° s _i/ nt+ ij n \ = 
P s ,t- Since we have for £ > that 

P. s -£,/+£ < P( s _ e/+e ) < P i-e/2,f+e/2 < P V 

we need only to show s4im n _»oo ?,$_!/„ ■t+i/n = ^s,t- From definition, |(3 .!())[ assumption, 
and a- strong continuity of multiplication we derive 



s-limP s _i/ Bf+ i/ n — s-limP iS _i/ n s Pi jP; f+i /„ 

= p;p,,^ + 
= p* + p^pr 

= S-limP^ s +l/nPs,tPt-l/nJ 

= s-limPj S+ i/ n P 5iS+ i/„P 5+ i/ B( _i/„P f _ i/ n tP t _i/ n , 
= s-limP JiS+ i/ n P i+ i/ n /_i / n Pf_i/ nf 

= P.s,f- 

For the proof of the on/y |f statement observe that validity of |(3. 12) for one faithful r\ 
implies existence of 7p. Then for any s E (0, 1) we derive from closedness of Z £ 3jo,l] 
that {Z : s (£ Z} = {Z :Zf][s,s + l/n] =0} and 

X{z:^z} = UjnX{z : zn[5,*+e]=0}- ( 9 - 3 ) 
Normality of 7p shows Jp(X{z:s^z}) = Similar arguments work for P7 such that 

P.7 =M%{Z:siZ}) =P, + 

proves the only if statement. I 

Since the interpretation by (random) closed sets forces the condition P+ = P7 we are left 
with the problem of finding a similar interpretation of the relations (3.10)| only. 

Definition 9.1 Let Co,i be the C*-algebra generated by t and commuting projections 
(P s .t)( s .t)ek 1 fulfilling the relations \(3 .10)| 

Note 9.1 We refrain from showing that Co,i is well-defined. This is operator algebraic folklore 
since projections are always contractive. 



The essential problem with closed sets can be seen from (9.3) The fact s ^ Z poses a 
restriction on the behaviour of Z on the right of s as well as on its left. On the other 
hand, the relations |(3.10)| separate easily into those in the interval [0, s] and those in the 
interval [s, 1]. Consequently, we should allow that s belongs to Z "from the right" but 



not "from the left". This induces two sets Lz.Rz collecting the points not in Z "from the 
left (right)". Such constructs we call bisets. Of course, any set Z C [0, 1] induces a pair 
(L z ,Rz) of subsets of [0, 1] such that 

s ELz -<==>- Z fl [s, t] =0 for some t > s 
t E Rz ^=^* Zfl[i,f] = for some s < t . 

What is important here is the fact that we dealt with closed sets and we should deal with 
something like closed bisets. Therefore, Lz.Rz should be open in some sense. Since we 
are concerned with the analysis of |(3.10)| only, we drop the word closed in the sequel. 

Definition 9.2 A biset is a pair (L,R) of subsets o/[0, 1] with the following properties: 

(Bl) s E L implies [s, s + e) C Lfor some £ > 0. 

(B2) t E R implies (t — £,t]c Rfor some £ > 0. 

(B3) [s,t) C L implies (s,t) C R. 

(B4) (s, t] C R implies (s, t) C L. 
The set of all bisets in [0, 1] is denoted 23 [0,1] • 
We list several equivalent ways to describe bisets. 
Proposition 9.2 The following objects stay in 1-1 correspondence. 
(i) Functions CO : 7o,i 1 — > {0 ? 1 } such that 

(d(r,s)(Q{s,t) = (d(r,t), ((r,s),{s,t)eI 0A ), (9.4) 



(ii) bisets (L,R), and 

(iii) transitive relations M C [0, l] 2 with the additional property that (r,t) G M implies 
both r < t and (/, t') G Mfor all (/, t') G I n t- 



Namely, 



1 tf[s,t)cLand(s,t]cR 
otherwise (9 " 5) 



and (s, t) G MnjA iff [s, t) C L and (s, t] C R. 

Proof: Any co determines two sets L ra = {s G [0, 1) : 3t G (0, 1] : G0(s,f) = 1 }, = {* G 
(0, 1] : 3s G [0, 1) : cd(s,t) = 1}. If s G Lq), there is some ? > 5 such that co(^,?) = 1. Thus 
this is true for all t = s + £, where £ small is chosen suitably. This shows that L m fulfils 
(Bl)[ (B2) (B4")| are proven similarly. 



Fix a biset (L,R). We prove now that co = C0( Lv r) fulfils (L,R) = (L^.R^,). Suppose 
s EL. Then there is some £ > such that [5, s + e) C L and, due to |(B3)j (5, 5 + e) C i?, i.e. 
[5, 5 + £/7l) C L and (5,5 + £/7r] C R. Conversely, s E L a shows [5,5 + 8) C L, i.e. j6L 
This proves L = L a and similarly, R = R a . 

The proof for the relation M^r is a consequence of the one-to-one correspondence 
between M and co, (s,t) E M iff &(s,t) = 1.1 



Note 9.2 For general Z C [0, 1] the pair (Lz,Rz) introduced above need not be a biset since 
|(Bl)|(B2)| may not be fulfilled. On the other hand, the function ©z defined by 



MZCV) =X{Z':Z'n[*,f]=0}(Z), ((s,t) G/ ,i) 

fulfils (9.4)| for all Z. This means that we cannot distinguish Z from a biset by this hitting function. 
This can be easily seen for Z = Qn [0, 1]. 

At least, 370,1] can be mapped to 2$ro,i] via Lz = [0, 1) \Z, Rz = (0, 1] \Z. Conversely, a biset 
(L,R) corresponds to a closed set in this way iff Ln (0, 1) = Rd (0, 1). 

Recall that a function / on a metric space X is upper semicontinuous if for all x G X 
liminfy^/V) >f{x). 

Lemma 9.3 If(i> : To.i 1 — ► {0, 1 } fulfils |(9~4")] then there is a closed set with 00 = oo z iff® 
is upper semicontinuous. 

Proof: Suppose Z is closed. Then (Oz(s,t) = 1 iff ZD [s,t] = 0. This shows ZD [s — £,? + 
e] = for some £ > such that u>z(s', t') = 1 if \s — s'\ < £, \t — t'\ < £, what means upper 
continuity. 

On the other side, assume oo fulfils |(9.4) and is upper semicontinuous. This shows 
that both L and R are open such that they coincide on (0, 1) by |(B3) and (B4) Setting 
Z = [0, 1] \(L\JR) we obtain oo = oo z . This completes the proof. I 

We equip 25[o,i] with the coarsest topology making (L,R) i— > OO^)^,?) continuous for 
all (s,t) eio,l. 

Proposition 9.4 Co,i w isomorphic to C(93[ j]). 

Proof: By the well-known Gelfand representation theorem for abelian C*-algebras lfl9l 
Theorem 2.1.1 1A] it follows that Cqa is isomorphic to the continuous functions on the 
set of characters on Co,\. Characters are multiplicative linear functionals % on Co,i, i.e. 
%(ab) = %(a)%(b) for all a,b G Cn,l- Since Co,i is generated by the projections P Sjt , 
(s,t) G /o,i, we have to determine all possible maps (s,t) i— »■ %(P. s ,f). Clearly, since P Jjf 
is a projection, %(F s ,t) £ {0, 1 }. Thus any character of <To,i is determined by a map 
oo : { (s,t) G /o,i } i — ► {0, 1 } with |(9.4) and each such map defines a character of Cq,\. 
Proposition l9.2l completes the proof. I 

Corollary 9.5 Suppose is a Hilbert space and (P s .t) (s,t)eia i are projections on <b(j{) 
fulfilling |(3.10) Then there exists for all (normal) states T) on a unique Baire 

measure //^ on 25[o,i] 

A*n({ : ®(L,R)(shti) = 1 }) = TlCP.i.r, • • -P, tA ), ((s h ti) G 7 ,i) (9.6) 

Proof: Since lh{P^ ?1 • ■ - V Sk ,t k '■ (si,ti) G 7o.i } is dense in Co,i, there is a unique Baire 
measure /j* on 23[o,i] with |(9. 6)1 This completes the proof. I 

Note 9.3 From the conditions [(B 1 )[ |(B2)| one obtains that (0, 1) \ (Ln/?) G £( ,i) and L\R and 
/?\L are both countable. Since both 5(0,1) an d K N UIJ«gn^" ^ Standard Borel spaces, there is 
a Standard Borel structure on 58[o,i] too. If this Standard Borel structure would be generated by 
the maps (L,R) \— > (fl(L,/?)(.s,0, < J < f < 1, we could extend the corollary to Borel measures. 



Note 9.4 By the above note, a biset corresponds to a closed set (L Pi R) . Consequently, we 
can associate with every (even nonseparable) product system distributions of random closed sets, 
coming from the projections P s , = P~P i-f P+. This corresponds to [66 Lemma 2.9], where only 
times t with P° = 1 were considered in equation ^. 12)| 

If Ei is nonseparable, weak and strong measurability do not coincide any more. Thus, de- 
pending on the choice of the measurability concept, (x f ) fe]R may be only weakly continuous and 
Proposition 13.41 would fail. Thus, it is not clear whether P^° = Pf t and we loose the direct con- 
nection between the random set and the space of units. Nevertheless, these projections encode an 
invariant structure in (nonseparable) product systems. 

But, the main obstacle for fully generalising Theorem ^to nonseparable product systems is 
that there is no faithful normal state on <B [H ) if 9{ is not separable. Thus, there is no analogue 
of the statement concerned with faithful normal states and we cannot hope for a generalisation of 

Ei 

We want to close this section by showing that 23[o,i] has besides its topological structure 
also an order structure similar to 3jo,l]- Define, as natural 

(L,R) (L',R') ^LDL'mdRDR' ^ (0 {L>R) < (0 {L ,^ ^ M M C M (L ,, R ,y 



Proposition 9.6 (23[o,i], ^<b) is a complete lattice, i.e. each family ((L ; -,i?,)), e / has a 
unique least upper and greatest lower bound. 

Proof: We apply again [17, Theorem 1.6], so we need to prove only the existence of 



a greatest lower bound. Identify (L,R) with the function (0(l,r) defined in |(9.5)| Then 
/\ ieI (Li,Ri) should correspond to a function less than min^/O)^.^. = Yliei^LiA- Since 
the latter function fulfils |(9~4)1 it corresponds to the greatest lower bound of ((L,,7?,)) ;e /. 
I 

Note 9.5 For the least upper bound, identify (L,R) with the relation Mi L ^g\. Then the transitive 
hull M of U;e/^(L,,R,) is that relation which corresponds to the least upper bound of {{Li, 7?,-)),- e /. 

10 An Algebraic Invariant of Product Systems 

In this last section we analyse an invariant related to ideas used in [65| for the special 
product systems described in Example l8.31 Especially, we want to show that this invariant 
yields no additional information for the classification of type II product systems. 

An elementary set F C [0, 1] has the form F = (J" = i [s;,*/] , let denote ^ the set of all 
elementary sets in [0, 1]. Consider any product system £ = { l E t )t>o- For each elementary 
set F = Uf=i [si,ti] we can define the von Neumann subalgebra JZf = Vf = i ^ ® 



where & s ,t was given in |(3.8)| Based upon this, we define for every F <G d[o,i] m e von 
Neumann subalgebra 

K F = f\ K F ,Q ®(Ei), 

which is consistent with the previous definition for F E 3? 1 i. 

In [|6*2l there was considered for a sequence {F n ) neK C 3| ^ norms of differences like 
||t]« 1 — Tin 2 1| where r\n is the restriction of the normal state = (\|/, -x\f) to Ap n . Thereby 

Ihn-Tlnll = max { |*n (a) — Tl'(«) I : « e j?f„, ||«|| <l}- 



In section 17721 we defined already a topology on the set 9i of all von Neumann sub- 
algebras of $(:?/). 

Proposition 10.1 Suppose (F n ) ne ^ converges to F G ^from above, i.e F n +\ C F n for 
all n G N and ClneN^n = F. Then (-#f„) mG n conver g es to 
Moreover, the following statements are equivalent 

(i) ||t| m — r\' n \\ >0 for all pure normal states T[,T[' on % (£i). 

(ii) ||t| b — t^jH >0 for all normal states r\,r\' on $ ('Ei). 

(iii) A F = C1. 

Further, for disjoint F,F' G #[o,i] the algebras R F and R F i commute and &fyjf' = 
Sl F V ^f'- ^or general F, F' G 3]o,l] the relation JIfdf' = -#F A w frwe. 

Proo/: Define for £ > and F G #[ ,1] another set F e = [0, 1] n Ugf - M + e] G ^ . 
The first observation is that R F = Ae>o-^F E - This is proven by J%' F = V s ,t:(s,t)c\F=<b%-s,u 
which follows from the same relation for elementary F. It is easy to see then that 

(AW= V 

e>0 s,t:(s,t)n(F) E =W£>0 

But, (5,?) i— > Sl S)t is continuous, thus 

i,/:(i,/)n(F) e =0Ve>0 s,f:(,s,f)nF=0 

If (F n ) ne ^ converges to F from above, then it converges in the Hausdorff metric on 3to,i] 
03 Corollary 3 of Theorem 1-2-2]. Thus, for each £ > and large n G N, F„ C (F) e . 
Consequently, .#f„ C -#(f) e f° r large n. This implies PlneM-^ On the other hand, 

j?f„ 5 -#f and the first statement is proven. 

Clearly, |(il)| implies |(i)| Conversely, convexity of the norm shows that |(I)| implies (II) 



Suppose j?f 7^ Cl. Then there exist two normal states r\,r\' on and a G .#f> 

||a|| < 1 such that r\(a) ^ T]'(a). From K Fn >si F we derive (a n ) neN , a„ G ^/r n , 

\\a n \\ < 1 with lim„^ooan = Continuity of T| — r\' implies lim, WTO |l"|(a n ) — r ['( a n)\ = 
\r\(a) -T\'(a)\ > 0. ThusR51|impliesRuTj| 

On the other hand, r| — T|' is uniformly weakly continuous on the unit ball of <B (24) 
and zero on Cl. Thus R Fn ► Cl implies for all £ > for large enough n that 

|ll(fl n )-T|'(a B )| <£foralla„ G R Fn , \\a n \\ < 1. 

If F,F' are disjoint there exist elementary sets F\ D F, F[ D i 7 ' with F\ P\F[ = 0. This 
shows that JZ Fr]F i = A F V J% F i and that H F and .s?f' commute since & Fl and Jlp/ do so. 

For general F,F' G 5[o,i] we have Sl F = f\z>o-& F£ and A F > = Ae>o-^f e '- Thus we 
derive from monotony of £ 1— ► that 

^F AA F ,= f\ X F£ A /\ = /\ ^ Fe A = f\ A mF , = f\ X {Fn F% = X FnF >- 
£>0 e'>0 e>0 e>0 e>0 



This completes the proof. I 



Note 10.1 The construction of the map F i— ► Sip reminds of the construction of a Hausdorff 
measure, see Definition |(4.8)| We can copy that definition by saying ® (F) = V E >o !S e(^ 7 ) with 

M F ) = A\ V ' ( B i)ie« ^ balls with d ( B i) < e and (J fl,0 F I , 

but there are some observations. Defining SA.° G = \f s f ./ s ,j CG ^ 4 . f for open G C [0, 1], the fact that we 
can cover any open set by countably many arbitrarily small balls implies that 'Be(F) is independent 
from £ > and 

B(F)= /\ J?g, (FBorelsetin [0,1]). 

GC[0,l]:Gopen ,G2F 

For compact F, it is easy to see that an open covering set can be chosen as interior of an elementary 
set and we get Sip = ®(F). Using the more general ®(F) instead of Sip is more problematic 
because of worse convergence properties. It is even not clear, whether FnF' = implies that 
% (F) and 2 (F') commute. For our purpose, it is enough to work with the map F i— ► sip. 



Corollary 10.2 Let T, be a product system, 
through 



K E (F) = 




is an invariant of the product system £.1 



Then the map K E : 3"[o,i] 1 — ► {0, 1 } defined 

if sip = CI 
otherwise 



Example 10.1 Suppose £ = r(C d ). Then sip = S(r(L 2 (fx {l,...,d},£ \ F <g>#))). 
Especially, 

%(F) = (° i «< F ) = ° 
v y ^ 1 otherwise 

This is proven iike follows. Define <B E = <B(T{L 2 {E,l,£ d ))) <g> lr(L 2 (E,£,C d )) c 

for any Borei set £. Then (2^ = ® £ c and ®£ = J3£ for £ G 3| 1 j. Observe that 'Bp is 

generated in the o-weak topology by the set { W (/) : / = /%£ £-a.s. } of Weyl operators 
•w 7 (/), defined by 

W (f)y h = e^ll/ll 2 -^/}^, (/, G L 2( [0 , {},£)). 

If ( £ »)neN is increasing, we get V„eN®£„ = ®U„ eN £« since f%E n >/Xu meN £m ^ 

/ i— > W (f) is strongly continuous [43, section 20]. Taking commutants respectively 
complements, we get f\ neN <B E „ = «n„ e N£« for decreasing (E n ) neN . This proves sip = <B F 
for all closed F. 



Example 10.2 Let 94. be a stationary factorizing measure type on 5[o,i]- We want to 
compute K(i 7 ) for the product system T, M , using relation (I) from Proposition \10.1\ 

Lemma 10.3 In this situation, 



,_ N f ifZHF = %M-a.s. 
K ^^ = { 1 otherwise ' < F G *l 



0,11 



Proof: Take the unit u, = ^({0}) 1 ^ 2 %{0}(-) as considered in Corollary 14. 31 the cor- 
responding normal state T|" and any other normal state r\ on $ ). We want to look 
for sets (F„) n6N c 5f n , F G Jfo.il with F n | F and ||ri„ >0. Since T|" is the 

l > ' n — >°o 

pure state with T|"(Pq j) = 1 the latter happens if and only if r\(Pp ) > 1, defining 

P ULiM] = n"=i p " /,- B y construction, 

1 = limTi(P£J = lim ^({Z : ZHF„ = 0}) = ^({Z : ZHF = 0}). 

This shows that (F) = if and only if ' ({Z : ZflF = 0}) = 1 for all normal 
states T] on <B (L 2 (fMo,i))- But we know from Corollary 14 .31 that the latter is equivalent to 
ZflF = <M -a.s. which completes the proof. I 

Since we know that U e ({Z :Zf]F = 0}) = &-^ F \ this is a direct generalisation of the 
result in the preceding example. 

In exactly the same way we find 

Corollary 10.4 For all type II product systems £, all units uofT, the map K E computes 
as follows: 

,„* f ifZHF = &!M' E ' u -a.s. „. , - 

Note 10.2 Thus, K E depends on the null sets of the capacity of any /u G E only. Therefore, 
it cannot characterize type II product systems fully. 

On the other hand, regaining the problem whether 94 E = 94 ^ ,v for all units u, v of a type II 
product system or not, we see that at least the capacities F ^ f*({Z : ZflF = 0}) have the same 
null sets for /n G SW" 2 " and ^ G fW £ ' v . In spite of the fact that the capacities characterize /n by the 
Choquet theorem, this is a strong indication that actually 94^-" = 94 E,v for all units u,v. 

Note 10.3 We want to quantify how dense F G ^jo,i] with % (F) = could be and set 

deg E = sup { dirn^F : K E (F) = } . 

From the above corollary and Note l4.91 we derive that in the case of a stationary factorizing mea- 
sure type on 3"[o,i] this degree is just 1 minus the essential supremum of the Hausdorff dimension 
of a realisation. Further, the larger the degree, the less information about a realisation is needed 
to reconstruct it. I.e., the more dependence is inside the measure (type), see the announcement in 
the introduction on page|5] 

Note that to differentiate the family of product systems constructed in [62], we should use 
scaling functions like h a (u) = - — for the Hausdorff measures instead of h a (u) = u a . It would 

|ln w| 

be interesting to know for this family whether there is a family of type II product system £ with 
the same K E 's. 

Note 10.4 We could go this way further. First, we could combine K with the invariant of marked 
product subsystems and consider the invariant { ( jF , 94 7 , % ) : J is subsystem of £ } carrying 
again a natural order structure. But, we conjecture 

f ifZnF = 05W^-a.s. ^ N 

K ^ = |l otherwise < ?€ *W 



such that we do not get anything new compared to the invariant from Theorem|4] 

Another extension could be provided by CONNES classification of hyperfinite VK*-factors 
[22]. So instead of just asking whether Sip = C or not we could also use the classification of Sip. 
First there may be the possibility that Sip is not a factor, since the intersection resp. the union of 
a monotone sequence of type I factors is only a factor, if a certain state fulfils a mixing condition 
fj"9l Theorem 2.6.10]. Second there may be the possibility that the intersection is a factor, but not 
type I. Yet, we have no explicite form of the algebras Sip besides for type I product systems. 

Note 10.5 Another extension, much more in the spirit of the present paper, would be to look 
at continuous tensor product subsystems of W*-algebras (,® s ,t)(s,t)Ei ~, i n tne product system 
{%-s,t){s,t)ei 0x - We have as prominent examples 

(i) l S Stt = Si SJ : the algebra itself, 

(ii) <B SJ = L°°(M Sil ) acting in <E u , 

(iii) the abelian W*-subalgebras <B sf = j P u s , t , : (V ,t') £ I Sjt }" and <B sf = |p^ ( , : (s',t r ) £ l sf }" 
if the projections P" t , are defined by canonical extension of (3.6) and (3.7)[ and 

(iv) <B s t = |p" f , : (s',t') e I Stt | and <B s t = |p^ : (s 1 ,t') G I sS \ connected with the direct 
integral representations in section 

Of course, this list is not complete. Consider, as example, in the case E = r(C 2 ) the families 

Kt = {^(a/eP7):/ = /X[#a.e. }", ((^)e/ ,i), 

where a, P > are fixed under the restriction a 2 — P 2 = 1 and / denotes the complex conjugate 
of /. These families consist of type III factors which cannot happen in any of the above listed 
possibilities. 

The definitions of Sip and k(F) extend easily to von Neumann subalgebras, e.g. 

<B F = f\ 8f/CB(Ei), 

F'e^ 01] ,F'DF 

with t B\j!_[ Sb t i ] = VLi ®si,ti- This way we could enrich the lattice of product subsystems of W*- 
algebras of the product system (■fl-s,t)(s,t)ei „ of W*-algebras like in Theorem[5] Since we have 
already collected enough invariants of product systems, we postpone this discussion to future 
work. 



11 Conclusions and Outlook 

In this paper, we provided a strong connection between continuous product systems of 
Hilbert spaces (of type I or II) and the distribution of quasistationary quasifactorizing 
random sets on [0,1]. Summarisingly, we showed that the ideas developed in ll66l l65l 
|62l|63l|64ll63 to construct new examples of product systems lead to many new insights 
into the general structure of product systems. These result are based essentially on the 
following new ingredients in the theory of product systems: 

• reduction of the structure of product systems to a single Hilbert space £1 in Propo- 
sition O. II 

• determination of a continuous unitary shift group on T,\ in Proposition l3.2l 



• association of commuting projections in <E\ with a measure type of random sets, 
see Theorem [T] 

• associating a commutative algebra with the related direct integral representation, 
see Theorem^ 

To overview the productivity of the related ideas, we want to mention here all the 
invariants of a product system £ used or derived in the present work: 

1 . The measure type M 2 '^provided in Theorem |3 

2. The lattice y('E) together with the map m £ declared in Theorem |3 

3. The direct integral representation of T, related to the representation 7 P ^ of the 
abelian VK*-algebra LT(M see Theorem^ 

4. The spectral decomposition of the flip group (x f ) ?eR , see Remark l3~4l 

5. The leading spectral type of the representation 7 P ?/ discussed in Note 16 .61 

6. The set of factorisation sets derived in the proof of Theorem|5J see Note 17 .81 

7. The map K £ from Corollary 1 10.21 

8. The lattice of product subsystems of von Neumann algebras as discussed in Note 

Go3] 

Although we were able, besides recording this list, to settle questions like the intrinsic 
measurable structure of product systems and the relation between type II and type III, we 
are far from understanding the general structure of product systems. Therefore, we want 
to close this work with a summary of some questions we would like to answer in future. 

1. At the moment, most important seems to us to answer the question whether the 
automorphisms of an arbitrary product system act transitively on the normalized 
units. We have strong indications (see Proposition 13.91 and Note 110.21 ) that the 
answer is affirmative. This would have far-reaching consequences: 

(a) Like in Theorem El it would result that M E '" = £W" E,V for any two units, see 
Note l3.Hl This would give us additional knowledge about the map m E on the 
lattice y{"E ), provided in Theorem 151 (Note l5T8l> . Further, Corollary 15 .9b ould 
be extended to all stationary factorizing measure types. 

(b) It would be the finishing touch on the characterisation of weak dilations of G- 
strongly and uniformly continuous semigroups of unital completely positive 
maps on 'B (9{ ) for any separable Hilbert space lfT51 . 

(c) Any stationary factorizing measure type M on St would be an invariant of 
the product system T, M (Note flTHb . 

(d) The direct integral representation given in Theorem^used for 7p« (L°° ( M 1 '") ) 
would yield a much better structure theory, see Note 16 .31 

2. A related topic is to determine the structure of automorphisms of type II product 
systems and examine the consequences on the structure of automorphisms of type 
III product systems completing the work of Arveson section 8]. 



3. We think it should be quite instructive to determine all subsystems of the product 
system derived from the measure type of the sets of zeros of a Brownian motion, 
see Example 14.21 as well as the automorphism group of this product system, see 
Example l6.31 Similarly, the product systems of stationary factorizing measure type 
of random sets on [0, 1] x L with noncompact L deserves further study. 

4. What structures from stochastic calculus have counterparts for quasistationary quasi- 
factorizing measures? What type of quantum stochastic calculus exists for product 
systems or ito-semigroups which are not type I? 

5. Are there product systems not of type Io or Ii without any nontrivial product sub- 
systems? Certainly, they should be type Ho or III. 

6. One shall study the structure of stationary factorizing measure types on other types 
of Standard Borel spaces and of the corresponding product systems determined by 
Theorem |9l 

7. Theorem |^1 indicates that factorizing Hilbert spaces over more complex structures 
than intervals of M + like { (t,Z) : t > 0,Z G $[o,t] } are important. Are there ex- 
amples for K.+ x M + despite the more or less trivial ones derived from Poisson 
processes in the plane? 

8. To what extent do the results of the present paper have counterparts for product 
systems of Hilbert modules? What about product systems of Hilbert spaces over 
the reals or quaternions? 

9. Is the conjugate product system £* introduced in Example 17 .61 isomorphic to £? 
More specifically, are there product systems which could not be derived from sta- 
tionary factorizing measure types on general Standard Borel spaces? 

10. Is there a structure theory of product systems of W*-algebras? 
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